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|7 Abstract: Let G = (V(G),E(G)) be a simple graph. A set S € V(G) is a restrained dominating set if every —|

|| vertex not in S is adjacent to a vertex in Sand to a vertex in V(G) \ S. It is a super restrained dominating set if
| for every vertex u € V(G) \ S, there exists v € S such that Ng (v) N (V(G) \ S) = {u}. The minimum cardinality
‘ of a super restrained dominating set in G, denoted by Vepr (G), is called the super restrained domination number

| of G. In this paper, we initiate the study of the concept and give the characterization of the corona of two graphs

| and give some important results.
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l. INTRODUCTION

Graph Theory was born in 1736 with Euler's paper in which he solved the Konigsberg bridge problem
[1]. Domination in graph was introduced by Claude Berge in 1958 and QOystein Ore in 1962 [2]. However, it was
not until following an article by Ernie Cockayne and Stephen Hedetniemi [3], that domination became an area
of study by many. As Hedetniemi and Laskar [4] note, the domination problem was studied from the 1950s
onwards, but the rate of research on domination significantly increased in the mid-1970s. The dominating set
problem concerns testing whether y(G) < k for a given graph G and input k; it is a classical NP-complete
decision problem in computational complexity theory [5]. One type of domination parameter is the restrained
domination number in a graph. This was introduced by Telle and Proskurowski [6] indirectly as a vertex
partitioning problem. Restrained domination in graphs can be read in the paper of Domke et.al. [7]. Other
variant of restrained domination in graphs can be read in [8,9,10,11,12,13]. The super dominating sets in graphs
was initiated by Lemanska et.al. [14]. Variation of super domination in graphs can be read in the paper of
Baldado et.al [15]. Motivated by these parameters, we initiate the study of super restrained domination in
graphs.

Let G = (V(G), E(G)) be a connected simple graph and v € V(G). The neighborhoodof v is the set N;(v) =
N®w) = {u€eV(G):uv € E(G) }.1f S € V(G), then the open neighborhood of S is the set N;(S) = N(S) =
U,esNg (v). The closed neighborhood of S is N;[S] = N[S]= S U N(S). A subset S of V(G) is a dominating
set of G if for every v € (V(G)\ S), there exists x € S such that xv € E(G), i.e, N[S] = V(G). The domination
number y(G) of G is the smallest cardinality of a dominating set of G.

Aset S € V(G) is a restrained dominating set if every vertex not in S is adjacent to a vertex in S and to
a vertex inV(G) \ S. Alternately, a subsetS of V(G) is a restrained dominating set if N[S] =V(G)and
(V(G) \ S) is a subgraph without isolated vertices. The restrained domination number of G, denoted by y, (G), is
the minimum cardinality of a restrained dominating set of G. A set D c V(G) is called a super dominating set if
for every vertex u € V(G) \ D, there exists v € D such that N;(v) n (V(G) \ D) = {u}. The super domination
number of G is the minimum cardinality among all super dominating set in G denoted by y;, (G). A restrained
dominating set S is a super restrained dominating set in a graph G if for every vertex u € V(G) \ S, there exists
v € S such that N;(v) n (V(G) \ S) = {u}. The minimum cardinality of a super restrained dominating set in G,
denoted by v, (¢), is called the super restrained domination number of G. In this paper, we initiate the study of
the concept and give some important results. For general concepts we refer the reader to [16].

1. RESULTS
We are needing the following remarks for our subsequent results.
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Remark 2.1 Let G be a connected graph of order n = 3. Then

(@) Yspr €{2,3,..,n—=3,n—2,n}.
(D) y(6) < ¥ (G) < yspr (G).
Remark 2.2 The super restrained dominating set is a super dominating set and a restrained dominating set.

It is worth mentioning that the upper bound in Remark 2.1 is sharp. For example, y;,. (K,) = n. The next
result says that the value of the parameter v, (G) ranges over all positive integers, 2,3,...,n —3,n — 2,n.

Theorem 2.3 Given positive integers kand n such thatn > 4and k € {2,3,...,n — 2,n}, there exists a
connected graph G with |V (G)| = n and y,,, (G) = k.

Proof. Consider the following cases:

Casel. Suppose k = 2.

Let G = C, and n = 4. Clearly, y,,, (6) =2 =k and [V(G)| = 4 =n.
Case2. Suppose 3 < k < n— 2.

Let G = H o P; where H is a nontrivial connected graph. Letn = 2k and V(H) = {a4, a,, ..., a;}. Then the set
S =UperanV(PY) = {V(P'),V(P),...,V(P™)}is a vy, -set in G. Thus, y,, (G) = |S| = k and

V(O] = V(H e P)| = [VH) U (UpeyanV (P
= V)| + [UpevanV (PY)I

[V(H)| +IS]

k+k=2k=n

Case3. Suppose k =n — 2.

LetG = K, o H,V(K,) ={a,b} and H be a graph of order m > 1. Letn = 2(m + 1). ThensetS =V(H*) U
V(H") is a ygr-set in G. Thus, ¥g,r (G) = |S| = [VH)| + [V(H")|=m+m=2(m+1)-2=n—-2=k
and [V(G)| = [V(Ky o H)| = [V(K3) U (Uper o) VIH )| = [VEG| + [VIEDIIV(H)| = 2 + 2m = n.

Case4. Suppose k = n.

Let G = K,. Then the set V (K, ) is @ Y, -set in G. Thus, v, (G) =n =k and |V(G)| = n.

This proves the assertion. m

Theorem 2.4 Given positive integers k,mandn > 6 such that 2 < k < m < n — 2, there exists a connected
graph G with [V(G)| = n, v, (G) = m,and y,(G) = k.

Proof. Let G = H o [ and consider the following cases:

Casel. Suppose m =n — 2.

Letk =2,H = P,,and I = K, where m = 2p. The set S = V(G)\ V(H) is a y5,,-set and R = V(H) is a y,-set
in G. Thus, v, (G) =S| = V(G| = [V = [V(Pye K| =V (P) = (2+2p) —2=m and y,(G) =
[R| = |V(H)| = |V(P,)| = 2 = k. Further, [V(G)|=2+2p=2+m=n.

Case2. Suppose m < n — 2.

If k = m, then let H be a nontrivial connected graph and I = P;. Letn = 2mand V(H) =\{ay,a,,...,a;}. Then
the set S = UpeyanV (") = UperanV(PY) =\{V ('), V(P?),..., V(P *)} is ays, -set in G and a y,-set in
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UperanVP))| =k +k =2k =2m =n.

If k < m, then let H be nontrivial connected graph of order k and I = P; with 3k = m and n = k + m. Then
the setS = U,eyanV (") is ayg,-setin G and R=V(H) is ay.-setin G.Thus, v, (G)=IS|=
|UseranV U] = IVEDIIVDI =k - 3 =mand y,.(6) = |R| = |V(H)| = k. Further, [V(G)| = [V(H o I)| =
[V(H)| + |UpevnVUI")| = k + m = n. This proves the assertion. m

The following results, follows from Theorem 2.4.
Corollary 2.5 The difference y;,, — ¥, can be made arbitrarily large.

Proof. Let n be a positive integer. Then there exists a connected graph G such that y,,,. (G) =n + k and
¥-(G) = k By Theorem 2.4. Thus, y,,, (G) — y(G) = n, showing that y,,,. —y can be made arbitrarily large. m

Remark 2.6 The y,, (K_n) =n—1foralln = 2.

Let G and H be graphs of order m and n, respectively. The corona of two graphs G andH is the graph G o H
obtained by taking one copy of G and m copies of H, and then joining the ith vertex of G to every vertex of the
ith copy of H. The join of vertex v of G and a copy H” of H in the corona of G and H is denoted by v + H".

We need the following results for the characterization of the super restrained dominating set in the corona of
two graphs.

Lemma 2.7 Let G = K; + H where H is a nontrivial connected graph and x € V(G). Then V(G) \ {x} is a
super dominating set of G.

Proof. Suppose that G = K; + H where H is a nontrivial connected graph and x € V(G). Let S = V(G) \ {x}.
Then x e V(G)\ S and N(v) n (V(G) \ S) = {x} for some v € S. This shows thatS is a super dominating
set.m

Lemma 2.8 Let G and H be nontrivial connected graphs. Then a nonempty subset S of V(G o H) is a super
restrained dominating setin G o H if S = (U,ep)V(HY)).

Proof. Suppose that S = (Uyey)V(H") ). Then Sis a dominating set of V(G o H). Let y € V(G). Then
y € V(Go H)\S. Since G is nontrivial connected graph, there exists z € V(G o H) \ S, (z # y) such that
yz € E(G o H). Since S is dominating, there exists x € S, such that xy € E(G o H). Thus, S is a restrained
dominating set in G o H by definition. Let u € V(G o H)\S. Since S is dominating, there exists v € S such that
u € Ngopy (V), that is, u € Ngoy (v) NV(G) and v € V(HY). Now, letu’ # u such that u' € Ng.,;(v) N V(G).
Thenu' € Ng.y(v) and u' € V(G). This implies that v € V(H"). Since u # v’ and u,u’ € V(G), it follows that
V(HY) # V(HY). Thus, v € V(H) # V(HY), that is, u & N.y(v). Hence, u" & N;.,;(v) N V(G) contrary
to our assumptions. Therefore, u’' = u, that is, N;.;(v) NV(G) = {u}. Accordingly, Sis a super restrained
dominatingsetin G c H. m

Lemma 2.9 Let G and H be nontrivial connected and noncomplete connected graphs respectively. Then a
nonempty subset S of V(G o H) is a super restrained dominating set in G o Hif S =V(G) U (Uyey(g)Sy) for
each v € V(G) where S, is a super restrained dominating set of H”.

Proof. Let u € V(H") \ S, for each v € V(G). Since S, is a restrained dominating set of H”, (Uyey(g)Sy) is @
restrained dominating set of G o H and hence S = V(G) U (U,ey(¢)S,) is a restrained dominating set of G o H.

Furthermore, since S, is a super dominating set of H for each v € V(G), there exists x € S, such that
Nyv() n(V(HY)\ S,) ={u} for each u e V(H")\S,. Thus,u e V(H")\ S, c V(G- H)\S for each
v € V(G), and for each u, there exists x € S, c S such that N,z (x) N (V(G o H) \ S) = {u}. This implies that
S is a super dominating set of G o H. Accordingly, S is a super restrained dominating set of G o H. m
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Lemma 2.10 Let G and H be nontrivial connected graphs. If V(H") is a super dominating set of u + H* for all
u € V(G) then Uyep )V (H") is a super restrained dominating set of G o H.

Proof. Suppose that V(H") is a super dominating set of u + H* for all u € V(G). Then Uyey )V (H") is a
dominating set of G o H. This implies that for eachu € V(G) =V (G o H) \ (Uyey)V (H")) there exists
z € (Uyer)V(H")) such that u € Ng.(2) N V(G). Since G is nontrivial connected graph, let u' € V(G) such
that u’ # u.Suppose that u € Ng.u(2) NV(G). Thenu € N;.u(z). This implies thatz € V(HY'). Since
uz#uand uu €V(G),it follows thatV(H*)=#V(HY). Thus, z€V(HY) #V(HY), that is,
u' € Ngoy(2). Hence, u & Ng.u(z) NV(G)contrary to our assumptions. Therefore, u’ = u,that is,
Ngoy(v) N V(G) = {u}. Thus, (Uyey )V (H)) is a super dominating set in G o H. Now, let x € V(G). Since
G is nontrivial connected graph, there exists x' € V(G) \ {x} such that xx" € E(G o H) and xv € E(G o H) for
some v € (Uyev(c)V(H)). Thus, (Uyev)V(H")) is a restrained dominating set of G o H. By Remark 2.2
(Uyer(ey)V (H")) is a super restrained dominating setof G o H. m

Lemma 2.11 Let G and H be nontrivial connected graphs. Then a proper subset S of V(G o H) is a super
restrained dominating set in G o H if S =5S; U (Uyey(e)V(H")) where S; < V(G), [V(G) \ Sgl = 2 and the
subgraph induced by V(G) \ S; has no isolated vertices.

Proof. Suppose that S = S; U (Uyep)V (H)) where Sz < V(G), [V(G) \ S| = 2 and the subgraph induced
by V(G) \ S; has no isolated vertices. Then Sis a dominating set of Go H. Let u € V(G o H)\ S. Then
V(GoH)\S=V(GoH)\ (Sc U (Uyer)V(H"))) = V(G)\ S;. This implies that u € V(G) \ S;. Then
there exists v € V(H*) € S such thatN;,;(v) N (V(GoH)\S) = (Nyu(v) U{u}) n (V(G) \ S;) = {u}.
Thus, $S$is a super dominating set of G o H. Since |V(G o H)\ S| =|V(G)\ S;z| = 2 and the subgraph
induced by V(G e H)\S has no isolated vertices, it follows that Sis a restrained dominating set of
G o H. Accordingly, S is a super restrained dominating setof G c H. m

The next result is the characterization of the super restrained dominating set in the corona of two graphs.

Theorem 2.12 Let G and H be nontrivial connected graphs. Then a proper subset S of V(G o H) is a super
restrained dominating set in G o H if and only if one of the following statements holds:

@) S=UperV(H).

(i) S =S5V (UpeyiyV(HY)) where Sz € V(G),|V(G) \ S| = 2 and the subgraph induced by V(G) \ S; has
no isolated vertices

(iii) S = V(G) U (Upeys)Sy) where S, is a super restrained dominating set of H".

Proof. Suppose that S of V(G o H) is a super restrained dominating set of G o H. Then S is a super dominating
set and a restrained dominating set by Remark 2.2. Let u € V(G o H) \ S and consider the following cases:

Casel. If u € V(G), then V(GoH)\S S V(G). fV(GoH)\S=V(G), then S = U,eyV(H"). This
proves statement (i). If V(G o H) \ S c V(G) then there exists x € V(G) such that x = V(G o H) \ Sand so
x €S5.Letx € S; where S; =V (G)NnS.Then S =5; U (Uyey)V(HY). Now,

V(G oH)\S = V(G o)\ (S U (Unerie)V (H") = V(G \ 5.

Since S is a restrained dominating set of G o H, it follows that |V (G) \ S;| = 2 and the subgraph induced
by V(G) \ S; has no isolated vertices. This proves statement (ii).

Case2. If u & V(G), then u € V(H"), where v € V(G) and hence u € (Uyey )V (H") ). This implies that
V(GoH)\S < (UveV(G)V(H")) AfV(GoH)\S = (Upeye)V(HY)), then S=V(G). Thus, for each

u€ V(Go H)\S, there exists wveS such thatN;;(v)NnV(G)\S)=V(HY). SinceH is
nontrivial, N;.; (v) N (V(G) \ S) # {u} contrary to our assumption that S is a super dominating set of G o H.
Thus, V(G o H)\ S # (Uyey)V(H?)) and so V(G o H) \ S © (Uyey )V (H")). This implies that there exists
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x € (Upey)V(HY)) such that x ¢ V(GoH)\Sand hence x €S. Let $x € S, c Swhere v € V(G). Then
S =V(G) U (Uyey(s)Sy)- Suppose that S, is not a super dominating set of H” for each v € V(G). Then there
exists u € V(HY) \ S, such that Nyv(x) n (V(H")\S,) # {u}for all x € Nyv(u) nS,. Thus, there exists
u €V(GoH)\ Ssuchthat Nooy(x) N (V(G o H)\S) # {u} for all x € Ny(u) NS contrary to our assumption
that S is a super dominating set of G o H. Thus, S,, must be a super dominating set of H”. Suppose that S,, is not a
restrained dominating set of HY.Then there exists u € V(H”) \ S, such that ux ¢ E(H") for allx € S, or
uy € E(H") for all y € V(H") \ {u}. Thus, there exists u € V(G o H) \ S such that ux € E(G o H) for
allx €S or uy ¢ E(GeoH) for ally € V(G o H) \ {u}. In either case, Sis not a restrained dominating set
of G o H contrary to our assumption. Thus, S, must be a restrained dominating set of H”. This implies that S,, is
a super restrained dominating set of H”. This proves statement (iif).

For the converse, suppose that statement (i) is satisfied. In view of Lemma 2.8, S is a super restrained
dominating set of G o H. Next, suppose that statement (ii) is satisfied. Then S is a super restrained dominating
set of G o H by Lemma 2.11. Finally, suppose that statement (iii) is satisfied. Then by Lemma 2.9, S is a super
restrained dominating set of G o H. m

The following result is an immediate consequence of Theorem 2.12.

Corollary 2.13 Let Gand H be a nontrivial connected graphs where H is a complete graph. Then
Yspr (G o H) = [V(G)||V (H)].

Proof. Let S = Uyey)V(HY). TheSis a super restrained dominating set in G o H by Theorem 2.12 (i).
Thus, Y, (G o H) < |S| = | Upey)V(H")| = [V(GIIV (H)].

Let S be a y;,,-set in G o H. Then |S| = |Uyep(s)Sy| for some S, € V(HY) foreachu € V(G). If S, # V(H),
then let u' € V(H*) \ S, for eachu € V(G). Since u' ¢ S,u’ € V(G o H) \ S. Since H is complete, for each
v €S, uv,u'v € E(u+H"*). Thus, for each u €V(GoH)\S there exists v€S, cS such that
Neoy() N V(G oHY\S) = (Nyu(w) U{up) n (V(H*)\ (S, U {u})) = {u,u'}. This implies that S is not a
super dominating set of G o H. Thus, S, = V(H"*) and

Yspr (G © H) = |S| = [Uyev(6)Sul = [Uuev)VHI = [VOIIV(H)|. =

I1l. CONCLUSION

A super restrained dominating set is a new variant of domination in graphs and hence this paper is a
contribution to the development of domination theory in general. Since this is new, further investigations on
binary operations and bounds of this parameter must be done to come up with more substantial results. Thus, the
join, lexicographic, Cartesian products of two graphs of super restrained dominating sets are recommended for
further study. Moreover, domination in graphs is rich with immediate applications in the real world such as
routing problems in internets, problems in electrical networks, data structures, neural and communication
networks, protection and location strategies and others. The super restrained domination in graphs is not far
from these applications.
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