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Abstract: Let G be a connected simple graph. A nonempty subset S of the vertex set V(G) is a clique in G if
the graph (S) induced by S is complete. A clique S in G is a clique dominating set if it is a dominating set. A
clique dominating set S is a clique secure dominating set in G if for every vertexu € V(G) \ S, there exists a
vertex v € S N Ng(u), such that (S \ {v}) U {u} is a dominating set in G.The clique secure domination

number, denoted by 3, (G), is the smallest cardinality of a clique secure dominating set in G. In this paper, we
give the characterization of the clique secure dominating set resulting from the lexicographic and Cartesian
products of two graphs and give some important results.
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l. INTRODUCTION

Let G be a simple connected graph. A subset S of a vertex set V() is a dominating set of G if for every
vertex v € V(G)\ S, there exists a vertex x € S such that xv is an edge of G. The domination number y (G) of
G is the smallest cardinality of a dominating set S of G. Dominating sets have several applications in a variety of
fields, including communication and electrical networks, protection and location strategies, data structures and
others. For more background on dominating sets, the reader may refer to [1,2].

A complete graph of order n, denoted by K,,, is the graph in which every pair of its distinct vertices are
joined by an edge. A nonempty subset S of V(G) is a clique in G if the graph ( S) induced by S is complete. A
nonempty subset S of a vertex set V(&) is a clique dominating set of G if S is a dominating set and S is a clique
in G. The minimum cardinality among all clique dominating sets of G, denoted by y,; (G), is called the clique
domination number of G. A clique dominating set S of G with |[S| =y, (G) is called a p;; -set of G. Clique
dominating sets have a great diversity of applications. In setting up the communications links in a network one
might want a strong core group that can communicate with each other member of the core group and so that
everyone outside the core group could communicate with someone within the core group. A group of forest fire
sentries that could see various sections of a forest might also be positioned in such a way that each could see the
others in order to use triangulation to locate the site of a fire. In addition, the properties of dominating sets are
useful in identifying structural properties of a social network [3,4]. Wolk [5] presents a forbidden subgraph
characterization of a class of graphs which have a dominating clique of size one. He called such a dominating
clique a central vertex or central point. The idea of Wolk was extended by Cozzens and Kelleher [6] to get
forbidden subgraph conditions sufficient to imply the existence of a dominating set that induces a complete
subgraph, a dominating clique. Daniel and Canoy [7] characterized the clique dominating sets in the join,
corona, composition and Cartesian product of graphs and determine the corresponding clique domination
number of the resulting graph. Other variants of clique domination in graphs are found in [8,9].

Another type of domination parameter is the secure domination in graphs. A dominating set S of V(G)
is a secure dominating set of G if for each u € V(G) \ S, there exists v € § such that ww € E(G) and the set
(S \ {v D) U {u} is a dominating set of G. The minimum cardinality of a secure dominating set of G, denoted by
7. (@), is called the secure domination number of G. Secure domination in graphs was studied and introduced by
[10,11] and can be read in [12]. Secure dominating sets can be applied as protection strategies by minimizing
the number of guards to secure a system so as to be cost effective as possible. . Other variants of secure
domination in graphs can be read in [13,14,15,16,17,18].
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In [19], Kiunisala and Enriquez, introduced the clique secure domination in graphs. Accordingly, a
clique dominating set S in a graph G is a clique secure dominating set of G if for every u € V(G) \ S, there
exists v € S N Ng(u) such that (S \ {v}) U {u} is a dominating set in G. The clique secure domination number
of G denoted by p4 (G) is the minimum cardinality of a clique secure dominating set of G. A clique secure
dominating set of cardinality p;; (G) is called p;, -set . This motivate the researchers to extend the concept
by introducing the clique secure dominating set resulting from the lexicographic and the Cartesian products of
two graphs. For the general concepts, the readers may be referred to Chartrand and Zhang [20].

A graph G is a pair (V(G), E(G)), where V(G) is a finite nonempty set called the vertex-set of G and
E(G) is a set of unordered pairs {u, v} (or simply ww ) of distinct elements from VV(G) called the edge-set of G.
The elements of V(G) are called vertices and the cardinality |V (G)| of V(G) is the order of G. The elements of
E(G) are called edges and the cardinality |E(G)| of E(G) is the sizz  of G. If |V(G)| = 1, then G is called a
trivial graph. If E(G) = @, then G is called an empty graph. The open neighborhood of a vertex v € V(G) is the
set Ng(v) ={u €V(G):w € E(G)}. The elements of N;(v) are called neighbors of v. The closed
neighborhood of v € V(G) is the set N;[v] = N;(v) U {v}. If X € V(G), the open neighborhood of X in G is
the set N;(X) =U,ecx Ng(v). The closed neighborhood of X in G is the set N;[X] =U,cx N;[v] = N;(X) U X.
When no confusion arises, N;; [x] [resp. N;(x)] will be denoted by N[x] [resp. N(x)]. Let x,y € V(G). Any x-
y path of length equal to d;(x,y) (the distance between the vertices x and y in G) is called an x-y geodesic.
The interval I [x,y] =1 ¢[x,y] consists of x, y and all vertices lying on any x-y geodesic. If S < V(G), then
the geodetic closure of S is the set I [S]= 1;[S]=U . esl [x,y]. S is convex if [ [x,y] € S for any
x,y €S,ie,1;S] =S. Unless otherwise stated, all graphs in this paper are assumed to be simple and
connected.

1. RESULTS
In this paper, we denote by CS (G), a family of all graph G with clique secure dominating set. Thus, for
the purpose of this study, it is assumed that all connected nontrivial graphs considered belong to the family
Cs (G).
Remark 2.1 A clique secure dominating set S of a graph G is a clique and a secure dominating set of G.

A clique dominating set S in a graph G is a secure clique dominating set of G if for every u € V(G) \ S, there
exists v € S N Ng(u) such that (S \ {v}) U {u} is a clique dominating set in G.

Lemma 2.2 [19] Every secure clique dominating set of a graph G is a clique secure dominating set of G.

The converse of Remark 2 is not true. Consider the graph in Figure 1.

Figure 1: A graph G with 7,,(G) =2

The set S = {x,x,} is a clique secure dominating set but not a secure clique dominating set of a graph G. In
fact G has no secure clique dominating set.

Remark 2.3 Let G be a non-trivial connected graph. Then (G) <y, (G) <y 4 (G).
The lexicographic product of two graphs G and H is the graph G[H] with vertex-set V(G[H]) = V(G) x V(H) and

edge-set E(G[H]) satisfying the following conditions: (x,u)(y,v) € E(G[H]) if and only if either xy € E(G) or
x =y andw € E(H).
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A subset C of V(G[H]) = V(G) x V(H) can be written as C =U,¢s [{x} x T,], where S € V(G) and T,, € V(H)
for every x € S. We shall be using this form to denote any subset C of V(G[H]).

Remark 2.4 If G and H are complete graphs, then y,;; (G[H]) = 1.

The following result is needed for the characterization of the clique secure dominating sets of the composition of
two graphs.

Theorem 2.5 (Daniel and Canoy 2015) Let ¢ and H be connected nontrivial graphs such that G has a clique
dominating set. A subset C =U, s [{x} xT,] where S € V(G) and T, < V(H) for each x € S, is a clique
dominating set of G[H] if and only if S is a clique dominating set of G such that

(i)(T,)isacliquein Hforeachx € S and
(it )T, isadominating set of Hwhenever S = {x}.

The following result is the characterization of the clique secure dominating sets of the composition of two
graphs.

Theorem 2.6 Let G and H be connected non-complete graphs such that G has a clique dominating set. A subset
C =Uyes [{x}xT,]where S € V(G)and T, <V (H) for each x € S, is a clique secure dominating set of G[H]
if and only if one of the following statements is satisfied:

(i)S is a secure clique dominating set of ¢ and |T,| = 1forall x € S with dian (H) < 4.
(ii ) Sis a clique secure dominating set of G and (T,) is a clique in H with |[T,| > 2 for all x €S
where

T, is a clique secure dominating set of H whenever S = {x} is a dominating set of G.

Proof. Suppose that a subset C =U,¢s [{x} x T,] where S € V(G) and T, € V (H) for each x € S, is a clique
secure dominating set of G[H]. Then C is a clique and secure dominating set of G[H] by Remark 2.1. Thus, S is
a clique dominating set of G such that (T, ) is a clique in H for each x € S and T, is a dominating set of H
whenever S = {x} by Theorem 2.5.

Let T, ={a} and |S| = 2. Suppose that S is not a secure clique dominating set of G. Let u € V(G) \ S such
that ww € E(G) for some v € S. Since S is a clique dominating set of G, it follows that S, = (S \ {v}) U {u} is
not a clique dominating set of G. If S, is not dominating, then S, x {a} is not a dominating set of G[H]. This
implies that C* = (C \ {v,a}) U {(u,a)} =[(S \ {v}) U {u}] x{a} =S, x{a} is not a dominating set in G[H]
contrary to our assumption that C is a clique secure dominating set in G[H]. If S, is a dominating set of G then
S, isnot a clique set in G. This implies that S, x {a} is not a dominating set for some a € V(H). In particular,
if T, = {a} is not a dominating set of H, then C* = (C \ {v,a}) U{(u,a)} =[(S \{vD U{u}] x{a} =S, x {a}
is not a dominating set in G[H] contrary to our assumption that C is a clique secure dominating set in G[H].
Thus, S must be a secure clique dominating set of G.

Now, let S = {x,y}and T, = {a} for all v € S. Suppose that the dian (H) = 5, say dian (H) = 5. Then there
exists e € V(H) such that dy(a,e) = 5. Since S is a clique dominating set of G, it follows that C =U, <5 [{v} x
T,]={(x,a),(y,a)} is a clique dominating set of G[H] by Theorem 2.5. This implies that C*=(C\
@,ERE  BE={(0,0),(0,8)). Since RB[AJ((E,R),(B,A))=5 there exists PRE{E,E}) such that
(v,a)y,c), (v, c)ly,e) & (E(G[H])). This implies that C* is not a dominating set contrary to our assumption
that C is a clique secure dominating set of G[H]. Similarly, if dian (H) > 5, then C* is not a dominating set
contrary to our assumption. Thus, diam (H) < 4 and this proves condition (i ).

Assume that S is not a secure clique dominating set of G. Let x € S and z € V(G) \ S such that xz € E(G)
and zy ¢ E(G)forall y €S \ {x}. Suppose that T, = {b} for all x € S. Since H is non-complete, let a,c €
Ny(b) such that ac ¢ E(H). Then C* = (C \ {(x,b)}) U {(z,a)}. Since (z,a)(z,c),(v,b)(z,c) ¢ E(G[H])
for all y € S\ {x}, it follows that (z,c) is not adjacent to any element of C*. This implies that C* is not a
dominating set of G[H] contrary to our assumption that C is a clique secure dominating set of G[H]. Thus,
IT,]#1 for all x € S. Since C is a cliqgue secure dominating set, C*=(C \{(x,b)}) U {(z,a)} =
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[(S\ {x}uU {z}] x T, isadominating set of G[H] forall v € S \ {x}. This implies that (S \ {x}) U {z}isa
dominating set of G. Since S is a clique dominating set, it follows that S is a clique secure dominating set of G.

Now, let S = {x}. Suppose that T, ={a}. Since S and T, are dominating sets in G and H respectively, it
follows that C = {(x,a)} is a dominating set of G[H]. Since G is non-complete, let y,z € N;(x) such that
yz & E(G). Then (y,a)(z,a) € E(G[H]). Thus, C* = {(y, a)} is not a dominating set of G[H] contrary to our
assumption that C is a clique secure dominating set of G[H]. Thus |T, | # 1 and hence |T,| = 2. If T, is not a
clique set in H, then there exists a,b € T, such that ab ¢ E(H). This implies that (x,a)(x,b) € E(G[H]).
Thus C is not a clique secure dominating set of G[H] contrary to our assumption. Therefore, T, must be a clique
set in H and hence T, is a clique dominating set of H. Let ¢ € T, \ {a}. Suppose that T, is not a secure
dominating set of H. Let T, = (a)+ K. Then (T, \ {a}) U {c} is not a dominating set of H. Thus, C* =
(CN\{(x,a)DU {(x,c)}={x}x[(T, \{a}) U {c}] is not a dominating set of G[H] contrary to our
assumption that C is a clique secure dominating set of G[H]. This implies that T,, must be a secure dominating
set of H, and hence T, is a clique secure dominating set of H. This complete the proofs of statement (ii ).

For the converse, suppose that the statement (i ) or (i ) is satisfied. Then a subset C =U,cs [{x} x T,] where
Sc V(G)and T, S V (H) foreach x € S, is aclique dominating set of G[H] by Theorem 2.5.

Suppose first that statement (i ) holds. Let z € V(G) \ S. Since S is a secure clique dominating set of G,
S, =S\ {x}) U {z} is acliqgue dominating set of G for some x € S. LetT, ={a}. Then C*= S, x T, =

[S\{xDU {z}]x {a} = (C\{(x,a)) U {(z,a)}is a cliqgue dominating set of G[H]. Since C is a clique
dominating set of G[H], it follows that C is a secure cliqgue dominating set and hence a clique secure dominating
set of G[H] by Remark 2.2. Further, since diam (H) < 4, there exists b,c € V(H) such that dy(b,c) = 4. If
b=aandx € S,thenC* =(C\ {(x,a)}) U {(y,c)} forsomey € S withxy € E(G). Since dy(b,c) =4, it
follows that dgpn((v,a),(v,c))=4. Thus, NeunlC] = Nepgl(C \{(x,a)}) U {(y,c)}] = Nepyl(C\
E,RE BR[A][{(?,8)}] = BR[A]ARRx AR BR[A][{(B}x {B}]. Since B is a secure clique dominating set, BIR{EI}
is a dominating set of G. This implies that

Noiml[(S \ {x}) x {a}] = [(S \ {x}) x {a}] U (Upeny(s\iap [{v} x VIHD U [{y} = Ny(a)l.
and  Ngpy[{y} x{c}] = [y} x {c U (Upengop v} x VD U ({y} x Ny(c)).
Nep[(S \ {x}) x {a}] = [(S \ {x}) x {a}] U (Upenyes\oep [} x VHD U [{y} x Ny(a)].
and  Nepy[{y} x{c} = {y} x {c U (Upengon v} x VDD U ({y} x Ny(c)).

Thus, by routine computations, Ng[(S \ {(x)}) x {a}] U Ngy[{(¥} x {c}] =V(G[H]) and hence
Ng[C*] = V(G[H]). This implies that C* is a dominating set of G[H], and hence, C is a secure dominating set

of G[H]. Since C is also a clique dominating set, it follows that C is a clique secure dominating set of G[H] by
Remark 2.1.

Next, suppose that statement (ii ) holds. Consider that S = {x} is a dominating set of G and T, is a clique
secure dominating set of H. Then C =U,cs [{x}x T,]={x}x T,. Leta € T, and c € V(H)\ T, such that
ac € E(H). Then (y,c) € V(G[H])\ C for some y € V(G). If y =x, then (x,a)(x,c) € E(G[H]) and
C*=(C\{(x,a)D U {(x,c)}={x}x [(T, \{a}) U {c}]. Since T, is a clique secure dominating set of H, it
follows that (T, \ {a}) U {c} is a dominating set of H. This implies that C* is a dominating set of G[H]. Since
C is a clique dominating set of G[H], it follows that C is a clique secure dominating set of G[H]. Now, suppose
that y # x. Since {x} is dominating, xy € E(G) for all y € V(G). Thus, (x,a)(y,c) € E(G[H]) and C* =
(C\{(x,a)PU {(y,c)} = Ux}x [Ty \{a}D U {(y,c)}. Thus, NgpylC]= Nepplfx} x (T, \{aP]u
Nei (v, €)1

Since. Ngpl{x} x (T \{aPl= {y}x V(H) for dl ye V(G)\{x} ad N[y, c)l = [{x} x
poeE nE(m@)(m,m)], it follows that @@[E][EE]=A(7A[@]) by routine computations and hence is a
dominating set of G[H]. Since C is a clique dominating set of G[H], it follows that C is a clique secure
dominating set of G[H].

Now, consider |S| > 2 and S is a clique secure dominating set of G and ( T,.) is a clique in H with |T | > 2 for
al x e S. Letae T, and c € V(H)\T, forall x € S. If ac & E(H), then let u € V(G)\ S such that
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w € E(G)forsomev € S. Thenforall (u,c) € V(GI[HD\C, (v,a)(u,c) € E(G[H]) for some (v,a) € C.
Thus, €* = (C\{v,a}) U{(u,c)} = [(S\{w})xA{aJU [Sx (T, \{aPlV {(w,c)}for dl x€S.

Since [S| = 2 and S is a dominating set of G, it follows that S x (T, \ {a}) is a dominating set of G[H]. Thus,
C* is a dominating set of G[H]. Since C is a clique dominating set of G[H], it follows that C is a clique secure
dominating set of G[H]. Finally, suppose that ac € E(H). Then (v,c) € V(G[H])\ C and (v,a)(v,c) €
E(G[H]) for some (v,a)€ C. Thus, C* = (C\{v,a}d U {(v,c)} = [Sx(T,\{aPD]u [(S\{v}) x
aeEmE,m 2. By similar arguments used above, B is a clique secure dominating set of B[®@]. This
complete the proofs. m

Corollary 2.7 Let G and H be connected non-complete graphs with y (G) = 1. Then

Vas (GIHD ={21if y(H) pu (H)if if Hhas adique  dominating set

Proof LetS ={x}bea yrset of G. Then G has a clique dominating set. Suppose that p{H) = 1. Let T, be a
clique dominating set of H. If T,, = {a}, then C = {(x, a)} is not a secure dominating set of G[H] by the proof of
Theorem 2.6. Thus |T, | = 2. This implies that a subset C =U,¢s [{x} x T, ] is a clique secure dominating set
of G[H] by Theorem 2.6. Thus, ps (G[H]) < |C|. Further, |C| =|S||T,| 2 2. If |T,|=2,then |C| = 2, that
i, Y4 (G[H]) < 2. Since G and H are non-complete graphs, p4 (G[H]) =2 by Remark 2.4. Thus,
Vas (G[H]) = 2. Suppose that y (H) # 1 and H has a clique dominating set. Let T, be a p; -set of H. Then
Va (H)=1T,| 2 2. Thus, C =U,¢s [{x} x T,] is a clique secure dominating set of G[H] by Theorem 2.6, that
is, ¥a4s (G[H]) < |C|. Since |C| = |S||T,| =ya (H), it follows that p4;; (G[H]) <y 4 (H). Since y4 (G[H]) =
Yas (G)yas (H)2va (Gya (H)=1-yq (H) =y (H), itfollowsthat 5 (G[H]) =yq (H). m

The Cartesian product G [-[1 H of two graphs G and H is the graph with V(G [QH) =V(G) x V (H) and
(u,u)(v,v") € E(G [ H) if and only if either wv € E(G) and u’ = v’ oru = v and u'v’ € E(H). Note that if
C < V(G x H), then the G-projection and H-prgjection of C are, respectively, the sets

Ce={u€eV(G):(u,b)eC for some beV(H}andCy={v €V(H):(a,v) EC for some a €V(G)}.
We need the following Theorem for our next characterization.

Theorem 2.8 (Daniel and Canoy 2015) Let G and H be connected nontrivial graphs of orders m and n,
respectively. Then G [:] H has a clique dominating set if and only if either G is complete and y (H) = 1 or H is
complete and y (G) = 1. Moreover,

Va (G H) {mif is conplete and y(H)=1 nif is conplete and y(G)
=1mn ¥mn}if Gad Hare bot h conplete

The following result is the characterization of the clique secure dominating sets of the composition of two
graphs.

Theorem 2.9 Let G and H be connected nontrivial graphs. The G [-] H has a clique secure dominating set if and
only if G and H are complete graphs.

Proof . Suppose that G [[] H has a clique secure dominating set. Then G [] H has a clique dominating set.
Thus, either G is complete and y (H) = 1 or H is complete and y (G) = 1 by Theorem 2.8. Thus, If G and H are
complete graphs holds.

For the converse, suppose that G and H are complete graphs. Then G [ H has a clique dominating set by
Theorem 2.8. Let C = V(G) x {a} for all a € V(H) be a clique dominating set of G L1 H. If b € V(H) \ {a}, then
ab € E(H) since H is complete, that is, (x,a)(x,b) € E(G [ H]) for all x € V(G). Thus,
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"= (C\{(x,a)}) U{(x,b)}
= [(V(6)\ {x}) x{a}] U {(x,b)}

NeaulC'l = Nogul(V(G) \ {x}) x {a}] U Nemul{(x,b)}]

= [(V(G)\ {x}) x V()] U Ngul{x} x V(H)]
= V(G)xV(H) =V(GE H).

This implies that C* is a dominating set of G [-] H and hence C is a clique secure dominating set of G [-] H.
Similarly, if € = {x} x V(H) for all x € V(G) is a clique dominating set of G [] H, then C is a clique secure
dominatingsetof G (1 H. m

The following result is an immediate consequence of Theorem 2.9.

Corollary 2.10 Let G and H be connected nontrivial graphs. If G and H are complete graphs, then
G L H=mn {|V(G)],|V(H)I}

Proof . Suppose that G and H are complete graphs. Then the G [-] H has a clique secure dominating set by
Theorem 2.9. Let C; =V(G) x {a} for all a € V(H) and C, = {x} x V(H) for all x € V(G) be clique secure
dominating sets of G[H]. Then p,;, (G [1H) < |Cq|and ps (G D H) < |C4|. Thus,

Vas (G H) < mn {|C4],|C,|} = min {|V(G)], [V(H)]}.

Further, »4 (GO H) =2y, (GEH) =mn {|V(G)|,|V(H)|} by Remark 2.3 and Theorem 2.8. Therefore,
Vas (G H) =min {|[V(G),|V(H)[}. m |
1. CONCLUSION

A clique secure dominating set is a new variant of domination in graphs which was introduced by
Kiunisala and Enriquez. Since this is new, further investigations must be done to come up with some substantial
results on this domination in graphs. Thus, the clique secure dominating set resulting from the lexicographic and
the Cartesian products of two graphs is the main purpose of this study. Moreover, domination in graphs is rich
with immediate applications in the real world such as routing problems in internets, problems in electrical
networks, data structures, neural and communication networks, protection and location strategies and many
others. The clique secure domination in graph is not far from these applications. Hence, we looked forward for
some real world application on the clique secure domination in graphs.
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