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Abstract: There are numerous methods for solving non-linear equations whicharise in all areas predominantly 

engineering field.  In general,all these methods are enhancement of three basic methods: Bisection, Regula Falsi, 

and Newton-Raphson method. Severalvariations have been made forimproving the performance of these 

methods.  Since the non-linear equations do not have analytic solutions, the researchers resort to numerical 

techniques. We design and implement a threewayhybrid algorithm,that is geometric approach based on only first 

derivative independent of any existing variation.We compare the performance of our algorithm with the 

available methods on various equations found in the recent literature as benchmark. Experiments validate thatthe 

new algorithm converges more quicklyor at least at par with previous algorithms, confirming that the new 

algorithm is simpler, efficient and accurate. 
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1. Introduction 
There are numerous formulas for solving non-linear equations which  arise in all areas predominantly 

the engineering field.  Since there are three basic methods: Bisection, Regula Falsi, and Newton-Raphson 

method,several variations have been made for improving the performance of these methods.  Mostly, these 

variations are incremental enhancements. The non-linear equations do not have an analytic solution, the 

researchers resort to numerical techniques. We design and implement a three way hybrid algorithm, that is a 

geometric approach based on only first derivative independent of any existing variation.   However, we compare 

the performance of our algorithm with the available variations on methodsfound in the literature as benchmark. 

We show that the new algorithm is better or at par with any other existing variants like 2
nd

-6
th

 order 

methods.Experiments validate that the new algorithm converges more quickly or at least at par with previous 

algorithms, Theconstruction of numerical solution for non-linear equationsisessentialin many branches of 

science and engineering. Most of the time,there is no analytic solution for non-linear equations.In that case,the 

researchershave no choice except to depend on approximate solutions. 

The numerical methods fall into two categories based on: (1) only continuous functions and (2) 

differentiablefunctions. Continuous function based methods include Bisection and False Position  methods and 

their variants, e.g., Dekker [1], Brent[2],methods, whereas the variants of derivative basedNewton-Raphson 

methodbelong to categories of  2
nd

, 3
rd

, 4
th 

,  5
th 

,  and  6
th  

order formulas, method of undetermined 

coefficients[4],[5][6],[7],[8],[9].For the purpose of improving the performance of the classical methods, 

Bisection, False Position, Newton Raphson methods, more and more variant methods are evolving.The new 

algorithm builds on Bisection, False-Position, and Newton-Raphson algorithms collectively and performs better 

than these and the variant methods. 

The paper is divided into sections: Section 2 is brief background of these methods, Section 3 is design 

of three way hybrid algorithm, Section 4 is theoretical complexity comparison, Section 5 is experimental 

analysis, Section 6 is conclusion, Section 7 is references. 

 

2. Background 
2.1 Definitions 

The nonlinear equations encounter two types functions: continuous functions (not necessarily 

differentiable) and differentiable functions (up to varying orders of differentiability). There are two types of 

solutions:  (1) continuity based with no derivative requirement, such as Bisection, False Position  and  their 

extensions, (2) derivative based such as Newton-Raphson and its variations.  

Fora function f:[a, b] → R  such that (1) f(x) is continuous on the interval [a, b], where R is the set of 

all real numbers and  



International Journal of Latest Engineering Research and Applications (IJLERA) ISSN: 2455-7137  

 

Volume –05, Issue – 12, December 2020, PP – 05-15 

www.ijlera.com                                  2020 IJLERA – All Right Reserved                               6 | Page 

(2) f(a) and f(b) are of opposite signs, i.e., f(a)·f(b) < 0, then there exists a root r ∈ [a, b] such that f(r) = 0 

or 

(2’) the function f(x) is differentiable with g(x)= x-f(x)/f’(x) and |g’(x)<1, then there exists a root r ∈ [a, b] 

such that f(r) = 0. 

For simulations in search for approximate solution, we use error tolerance  𝜀 = 10
-10

, with  termination criteria 

as (|xk−xk-1|+|f(xk)|) <𝜀, upper bound on the number of iterations as 10
2
.  Since the solution is obtained by 

iterative methods,  the definition of order of convergence is as follows [5] . 

 Let xn, 𝑎∈ R n≥0.  Then the sequence {xn} is said to converge to 𝑎 if 

lim𝑛→∞ |𝑥𝑛  −  𝑎|  = 0 

If, in addition, there exist a constant c >0, an integer N≥0 and p≥0 such that for all N 

   𝑥𝑛+1  −  𝑎 ≤ 𝑐|𝑥𝑛  −  𝑎|𝑝  

then then the sequence {xn} is said to converge to 𝑎 with order p. If p = 2 or 3, the convergence is said to be 

quadratic or cubic respectively. 

 

2.2 Relevant Literature  

The continuous function methods are based onBisection (1817) [10] and False Position (1690)[11]  

methods and their variants, e.g., [1], [2],[3] methods. The derivative based Newton-Raphson(1736) [12] 

methods  belong to category of  2
nd

-6
th 

order formulas, method of undetermined coefficients. The secant method 

is overlap between False Position method that ensures bracketing and Newton-Raphson[12] method does not 

consider bracketing.  For continuous functions, there is a smoothincremental transition from Bisection to Dekker 

to Brent with RQI(reverse quadratic interpolation) to Chandrupatla using exclusively one or the  other 

alternative, not taking advantage of the commonality. 

For differentiable functions, there are variousmethods starting from Newton-Raphson method to its 

various variants. The Newton-Raphson method uses Tylor series expansion of the function. 

By Taylor series expansion of f(x), we have 

f(b) = f(a)+(b-a)f’(a)+ (b-a)
2
f”(a)/2!+…. 

 

For second order formula, we drop the terms from second order derivative terms, f”(a), onward)  to get 

an approximation 

f(b) ≅ f(a)+(b-a)f’(a) 

Further approximatingthe value of  b as the root of f(x) = 0, leads to  

0 ≅ f(a)+(b-a)f’(a) 

b = a – 
𝑓(𝑎)

𝑓′(𝑎)
 

which is standard Newton-Raphson method. 

Thus for the function f(x), Newton-Raphson successive estimates closer to the solution are 

𝑥𝑛+1 =  𝑥𝑛– 
𝑓(𝑥𝑛 )

𝑓′(𝑥𝑛 )
 n≥0      (1) 

with error of quadratic order, O(𝜖2
), where 𝜖= |𝑥𝑛+1−𝑥𝑛 | . 

This amounts two function evaluations for each iteration. To ensure second order convergence, if write  

g(x)=  𝑥 – 
𝑓(𝑥)

𝑓′(𝑥)
        (2) 

then  xn+1 = 𝑔(𝑥𝑛)        (3) 

 

amounts to one function evaluation for each iteration. It is just a matter of how we count the number of 

function evaluations. If | g’(x)|< 1, then the sequence {xn} must converge to a root. 

If the multiplicity,m, of the root is known,[13] , then g(x) is optimized to 

g(x)=  𝑥 – 
𝑚 𝑓(𝑥)

𝑓′ (𝑥)
        (4) 

or g(x)=  𝑥 – 
𝑓(𝑥)
𝑓′ (𝑥)

𝑚

       (5) 

this speeds up the root approximation. 

 

Newton-Raphson uses this function g(x) to go from xn to xn+1. Modifications are incorporated to insert 

steps between them to get better reliable estimate of xn+1.  Severalvariations have been popularized recently.  To 

ascertain the improvement in the variants, the metrics for evaluation include: Coefficient of Efficiency, 

Coefficient of Computation, domain of definition, start point,  number of iterations, number of function 

evaluations forthe approximate root. Intermediate steps  between xn and  xn+1 revolve around the quadrature 

methods and the order of convergence.Some of the methods are:  
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Newton-Raphson method is used twice to go fromxn to predictor yn, then use yn to correct  xn+1[14]. It 

is still second order method. 

Instead of  xn+1 = xn - 
𝑓(𝑥𝑛 )

𝑓 ′  𝑥𝑛  
       (6) 

Use notation ynfor predictor 

  yn = xn - 
𝑓(𝑥𝑛 )

𝑓 ′  𝑥𝑛  
       (7) 

Then use yn as corrector for xn+1 

  xn+1 = yn - 
𝑓(𝑦𝑛 )

𝑓 ′  𝑦𝑛  
       (8) 

Recently midpoint[15] quadrature method is used to predict xn+1, in order to go from xn to predictor  xn+1 

using midpoint quadrature method, thenynis used again as intermediate corrector to estimate  xn+1.  In this case 

the corrected estimate for xn+1 

 xn+1 = xn - 
𝑓(𝑥𝑛 )

𝑓 ′  
𝑥𝑛+𝑦𝑛

2
 
       (9) 

 

Linear interpolation [16]: Trapezoidal quadrature method is used to predict xn+1, in order to go from xn to 

predictor  xn+1 using trapezoidal quadrature method, the yn is used again as intermediate predictor to estimate  

xn+1 In this case predictor  xn+1 

xn+1 = xn - 
𝑓(𝑥𝑛 )

𝑓′  𝑥𝑛  +𝑓′  𝑦𝑛  

2

       (10) 

 or  

 xn+1 = xn - 
2𝑓(𝑥𝑛 )

𝑓 ′  𝑥𝑛  +𝑓 ′ (𝑦𝑛 )
 

 

This also called Newton – arithmetic mean formula, linear interpolation of derivative. There are various 

version of this formula by replacing arithmetic mean by  Geometric Mean, and Harmonic Mean[17]. 

Geometric mean[17]:  

 xn+1 = xn - 
𝑓(𝑥𝑛 )

 𝑓 ′  𝑥𝑛  ∗𝑓
′  𝑦𝑛  

2        (11) 

Harmonic mean [16]: 

xn+1 = xn–
𝑓 𝑥𝑛  

2/ 
1

𝑓′  𝑥𝑛  
+

1

𝑓′  𝑦𝑛  
 
       (12) 

or xn+1 = xn - 
𝑓 𝑥𝑛  

2
{

1

𝑓 ′  𝑥𝑛  
+

1

𝑓 ′  𝑦𝑛  
}      (13) 

Trapezoidal-Newton’s method [17] : one obtains a new approximation  

,      (14) 

xn+1 = xn - 
4𝑓(𝑥𝑛 )

𝑓 ′  𝑥𝑛  +2𝑓 ′  
𝑥𝑛+𝑦𝑛

2
 +𝑓 ′  𝑦𝑛  

 

The Simpson 3/8[15]  quadrature method yields  

xn+1 = xn - 
6𝑓(𝑥𝑛 )

𝑓 ′  𝑥𝑛  +4𝑓 ′  
𝑥𝑛+𝑦𝑛

2
 +𝑓 ′  𝑦𝑛  

      (15) 

 

Most of the time, they are of the form 

 xn+1 = xn - 
𝑓(𝑥𝑛 )

{𝐷𝑒𝑛 𝑓 ′  𝑥𝑛  }
      (16) 

 

where {𝐷𝑒𝑛𝑓 ′ 𝑥𝑛 } represents variation of f’(x) in the denominator by different quadrature formulas. But 

this expression is not used all the time [14] .  In fact, these single method formulas can further be expressed as 

the weighted average of different methods to achieve better order to convergence. For example, if M,T, S are 

Midpoint, Trapezoidal, Simpson methods are used for approximation of f’(x), then mM+tT+sS with m+t+s =1, 0 

≤ m, t, s ≤ 1 is a hybrid approximation 

 xn+1 = xn - 
𝑓(𝑥𝑛 )

{𝑚𝑀+𝑡𝑇+𝑠𝑆}
      (17) 

 

[15] method uses the average of Midpoint and Simpson quadrature. JayaKumar [9] proposed a generalization of 

the Simpson-Newton’s method  where theyuse multisteptrapezoidal rule.Another interesting approach is to 

usethe method of undetermined coefficients [18] and in related citations is different in interesting. 
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For validating the superiority of their findings[18], some may have usedspecial attributes such as start 

point, start interval, location of the root.All methods work on special cases, but not in general all the time.  

Probably data used in most of these is hit and trial,with slightingenuity and innovation in combining them, and 

calculate the related error as justification. 

 

2.3 The Need for New Algorithm 

The new algorithm builds on Bisection, False-Position, and Newton-Raphson algorithms 

collectively.The Bisection method is virtually a binary search. It does not matter what the function is, the 

approximation error upper bound can be determined a priori. The iterations can be viewed geometrically 

For f:[A,B] R, the nextapproximation at the midpoint (A+B)/2 =  M [see Fig. 1], for next approximation, the 

interval [A,B] is replaced by the smaller interval [M,B]. For each iteration interval [An,Bn], midpoint Mn or 

approximation xnbecomes the end point of next interval [An+1,Bn+1],  An+1 or Bn+1 is xnand now the root is 

bracketed by interval [An+1, Bn+1]. The length of interval [An+1, Bn+1] is half the length of [An, Bn]. Thus this 

sequence is guaranteed to converge. 

If the approximation error tolerance is O(∈ = 
1

2𝑛 ),  then complexity of the number of iterations is O(n) iterations, 

see section 4. 

 
Figure1. Continuous function on [A,B], the iteration estimate is midpoint M,  

the next interval[M,B] contains the root R. 

 

The bisection method does not take advantage of the fact that B is closer the root R. The False Position 

is a dynamic method and takes advantage of the location of the root to make a conceivably more accurate 

outcome. 

See Fig.  2 for f:[A,B], the next approximation is S, the intersectionof secant line with the line AB and  S= A – 

f(A) 
(𝐵−𝐴)

𝑓 𝐵 −𝑓(𝐴)
   instead of the midpoint M. Clearly Sis closer to the root thanM is to the root [Fig. 2]. Now the 

root is bracketed in smaller interval [S,B].  Since the intervals are shrinking brackets, it is guaranteed to 

converge to the root. It is supposed to be faster than Bisection, but unfortunately it is not so all the time. 

Shrinking intervals may not shrinking faster as expected in some cases [Fig. 3].Thus the number of iterations 

cannot be predetermined quickly as in the case of Bisection method.  In this example, the secant line moves 

slower than the midpoint towards the root. 

 
 

Figure 2.  Secant point is closer to the root than the middle point M. 
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Figure 3. Secant point is father from the root than Mid point is. 

 

 
Figure 4. Newton point N is closer to the root than midpoint M, and secant point S. 

 

Newton’s method is based on  a start point and tangent line. Since here  |F(B)| < |F(A)|, the point B is 

used as the start point [Fig.4]. Here tangent line at b = (B,F(B))intersects AB at N (N for Newton). N is a clear 

winner, N is closer to the root than M or S. 

In the next Section 3, we create a hybrid algorithm that uses all these three methods collectively and 

has the reliability convergence of Bisection, speed of False position and Newton methods, the computational 

complexity is better of the three  and many more complex order algorithms together. 

 

3. Three Way Hybrid Algorithm 
This algorithm determines the roots of algebraic and transcendental non-linear equations quickly. It has the 

reliability of Bisection method. The algorithms like Newton–Raphson and its variant methods have quadratic, 

3
rd

-6
th

 order convergence, but converge with additional differentiability constraints imposed on the functions 

and the initial guess is close to the root [15], [18]. The new algorithm differs from all the previous algorithms in 

tracking the best approximation and bracketing interval. Instead of brute force application of the Bisection or 

False Position or Newton-Raphson methodsalone, we selectively apply the blend of the three at each step to 

redefine the next approximate root and bracketing interval. Thus, we construct a new hybridalgorithm that 
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performs better than the Bisection, False Position and Newton-Raphson  and many more methods. This prevents 

the unnecessary iterations performed in either method. This method does not require complex differentiability 

but utilizes derivative if available as required by Newton–Raphson and its variants.  This is the simplest, 

reliable, fast algorithm. 

 
HybridAlgorithm 

Input: function, interval [a,b] containing the root 

Output: root r, k-number of iterations  used , bracketing interval [ak+1, bk+1]  

//initialize  

k = 0; a1 = a, b1 = b  

Initialize bounded interval for bisection and false position  

fa is false position is bisection method a 

fak+1=bak+1=a1;fbk+1=bbk+1=b1 

n1=a1 – f(a1)/df(a1); 

 

repeat  

fak+1=bak+1=ak;fbk+1=bbk+1=bk 

compute theNewton point  

nk+1= nk–
𝑓(𝑛𝑘 )

𝑓 ′ (𝑛𝑘 )
 

compute the Mid point 

m=
𝑎𝑘+ 𝑏𝑘

2
, and ∈m = |f(m)|  

compute the Secant point, False Position secantline point,  

sk = ak- 
𝑓(𝑎𝑘 ) ( 𝑏𝑘−𝑎𝑘 )

𝑓 𝑏𝑘 − 𝑓( 𝑎𝑘)
−  and ∈f = |f(s)|  

r= s  

∈a = ∈f 

if |f(m)| < |f(sk)|,  

f(m) is closer to zero, Bisection method determines bracketing interval [bak+1, bbk+1]  

r= m  

∈a = ∈m 

if f(ak)·f(r) > 0,  

bak+1 = r; bbk+1 = bk;  

else  

bak+1 = ak; bbk+1 = r;  

else  

f(sk) is closer to zero, False Position method determines bracketing interval [fak+1, fbk+1]  

r= sk 

∈a = ∈f 

if f(ak)·f(r) >0,  

fak+1 = r; fbk+1 = bk;  

else  

fak+1 = ak;  fbk+1 = r;  

endif  

endif  

Since the root is bracketed by both [bak+1, bbk+1] and [fak+1, fbk+1], define 

[ak+1, bk+1] = [bak+1, bbk+1] ∩ [fak+1, fbk+1]  

ak+1 = max(bak+1, fak+1);  

bk+1 = min (bbk+1, fbk+1);  

//now if f is differentiable, use Newton step else ignore it,  

//differentiability can be specified in the function call 

//use nk+1  if f(nk+1)<min(f(ak+1),f(bk+1)) 

//replace ak+1. or bk+1 by nk+1 resulting in further smaller interval, and new root r 

//outcome: iteration complexity, root, and error of approximation  

 

If | f(nk+1)|< min(|f(ak+1)|,|f(bk+1)|) 

 r= nk+1 
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 if f(r)f(ak+1)<0  bk+1 = r; 

else ak+1 = r; 

  endif 

iterationCount = k  

rk+1= r 

error = ∈a = |f(r)|+|rk-rk+1| 

k = k + 1  

until∈a<∈  or k >maxIterations 

 
 

4. Simplicity and Complexity of Hybrid Algorithm 
A twofold algorithm is a blended[19] blend of two algorithms: Bisection algorithm, False Position 

algorithm) and is independent of any other algorithm.  The new hybrid algorithm is an improvement over 

Newton-Raphson algorithm and the two fold is blended[19].  The new algorithm differs from all the previous 

algorithms by tracking the best root approximation in addition to the best bracketing interval. The number of 

iterations to find a root depends on the tolerance criteria used to determine the root accuracy. The complexity of 

the new algorithm is better than that of the cited algorithms.  

Most of the time, absolute error, ∈s , is used as the stopping criteria. For functions on interval [a, b] with the 

Bisection method, the upper bound nb(∈) on the number of iterations can be predetermined from
𝑏−𝑎

2𝑛 <∈𝑠 and is 

lg ((b − a)/∈s). For the False Position method, it depends on the convexity and location of the root near the 

endpoint of the bracketing interval. The bound nf(∈s) for the number of iterations for the False Position method 

cannot be predetermined, it can be less, nf(∈s) <nb(∈ ) = lg ((b − a)/∈s) or can be greater, nf

. For example, if ∈ s = 2
-n

, the number of iterations,n(∈s) =O(n), in the new 

algorithm is less than min(nf(∈s), nb(∈s)). The introduction of Newton-Raphson in Hybrid further reduces the 

complexity of computations resulting fewer iterations, the new algorithm complexity is of order far less thann. 

This is confirmed from the algorithm and is validated with empirical computations, see Table4, Table 5,Table6.  

 

5. Empirical Results of Simulations 

The new hybrid algorithm is a tested technique optimizing the number of iterations required for 

approximations and the computation of function evaluations at each step. Table 1 is a listing of functions from 

literature that are used to test the validity of new algorithm.  For test bench, we have collected a set of eighteen 

functions actually used in the cited papers to benchmark our results against their findings published in the 

papers.  There are various types of functions: polynomial, trigonometric, exponential, rational, logarithmic and 

a heterogeneous combination of these.  There are six tables here. Table 1.  Collection of functions used in the 

papers in references, Table 2 has Nine Functions used  in [20]. Table 3  has four functions for comparison of the 

hybrid algorithm with four references used in Table 6. We used the same functions for validating the hybrid 

algorithm by comparing them side by side. Table 4 is a comparison of the algorithms using both continuity and 

derivative of functions. Table 5 is Comparison of 18 functions for the number of iterations required by each 

method. 

 

Table 1.  Collection of functions used in the papers in references [18].

 
 

 

One of the authors[20]used the following nine functions in place of 20 listed below. We tested our algorithm on 

all these functions and will compare with the cited published results side by side. 
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Table 2. Nine Functions with roots[20] 

 
One of the papers [18] used these four functions for comparison with four references. We also used the same for 

validating the hybrid algorithm by comparing them side by side in the Table 6.  

 

Table 3 Four functions used for root finding iterations compared in Table 6 

 
 

First, we compare algorithm with functions that may require only continuity. The algorithm works on  

continuity based algorithms as well as derivative based algorithms in Table 6.Table 4 is a comparison of the 

algorithms using continuity and derivative of functions. 

 

Table 4 Comparisons of iterations for seven algorithms on three functions 
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Table 5 Comparison of 18 functions for the number of iterations required by each method 

 
 

One of the papers [15] used these four functions for comparison with four references. Four functions 

are used for root finding iterations complexity compared with the published results. The hybrid algorithm 

computes the root with fewer iterations than those identified by acronyms: Fang’s [21]method is denoted by 

MF, Sharma’s [22]method by MSh, Grau’s [23] method by MG) and the Nora Fitriyani, M. Imran, 

Syamsudhuha’s[18] method MKA. In the table6,  there are five methods, MKA compared their findings with the 

MF, MShe, and MG methods. We added the hybrid findings labelled as CLS and compare the number of 

iterations side by side to show the superiority of hybrid algorithm They test their algorithms with four functions. 

The hybrid algorithm is labelled CLS[a,b], where [a,b] is the interval of definition, it is clear in Table 6 that 

thenew hybrid competes with their findings. It finishes before any of the citedhigher order algorithms. 

 

Table 6 Comparison of new hybridand derivative based algorithms on four selected functions.   
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6. Conclusion 
We have designed and implemented a new algorithm, a dynamic hybrid of Bisection, Regula Falsi and 

Newton-Raphson methods. The algorithm was implemented in Matlab R2018B 64 bit (maci64) on MacBook 

Pro MacOS Mojave2.2GHz intel Core i716 GB2400MHz DDR4 Radeon Pro555X 4GB. The number of  

function evaluations in each iteration is constant and predetermined as compared to variable number of function 

evaluations for different methods. For number of iterations, the implementation experiments confirm that the 

new algorithmperforms better or at least as good as any other algorithm. It is benchmarked using variants of 

Bisection, False Position, Newton-Raphson algorithms on various functions cited in the literature.In this paper, 

the algorithm simplicity and efficiency were principal concerns that the new algorithm use fewer iterations. The 

outcomes of numerous datasets justify that the new algorithm is effective cognitively,  conceptually and 

computationally.   
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