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1 Introduction
Closure spaces were introduced by E. C ech [1] and then studied by many authors like David Niel

Roth[2], Sunitha T. A.[3] etc. C ech closure spaces, is a generalisation of the concept of topological spaces. D. N.
Roth and J. W. Carlson [2] studied a number of separation properties in closure spaces. W. J. Thron studied some
separation properties in closure spaces. T. A. Sunitha[3] studied higher separation properties in closure spaces. P.
Thangavelu and Nithanantha Jothi introduced the concept of binary topology[5]. It is a single topological structure
that carries the subsets of aset X as well as the subsets of another set Y for studying the information about the

ordered pair (A, B) of subsets of X and Y . Tresa Chacko and D. Susha introduced Binary C ech Closure
Spaces in [11]. In this paper we introduce separation properties, connectedness and compactness in Binary C ech
Closure Spaces.

The paper is organised as follows.
Section 2 contains the pre-requisites for the paper. In Section 3 we define separation properties and

establish the relation between them. We also prove characterisations for b -regular and b -normal spaces.

Section 4 describes the concept of b -connectedness, Hausdorff- Lennes condition in binary spaceand

establish the relation between b -connectedness and Hausdorff- Lennes condition.Feeble b -connectedness is
also introduced and explained with sufficient examples.

Section 5 deals with 5—compactness and a property of 5—compactness in connection with the finite
intersection property.

2 Preliminaries

Definition 1 [1] Let X beasetand @(X) be its powerset. A function C: (X)) — ¢o(X) is called a C
ech closure operator for X if

L c(p)=¢
2. Acc(A
3. ¢c(AuB)=c(A)uc(B),VA Bc X
Then (X,C) is called C ech closure space or simply closure space.
If in addition
4. c(c(A)) =c(A),VAc X,
the space (X,C) is called a Kuratowski (topological) space.
If further
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5. for any family of subsets of X ,{A}.,,c(vi, A) =L
closure space.

C(A) , the space is called a total

iel

Definition 2 [1] A function C: go(X) — ¢2(X) is called a monotone operator for X if
L c@)=¢
2. Acc(A
3. AcB=c(A)cc(B),VABcX
Then (X,c) is called monotone space.

Definition 3 [5] Let X and Y be any two non-empty sets and ¢o(X) and go(Y) be their power sets

respectively. A binary topology from X to Y is a binary structure M < g(X)x@(Y) that satisfies the
following axioms.

1. (¢,¢) and (X,Y)eM
2. 1f (A,B,)) and (A,,B,)eM ,then (ANA,, B NB,)eM.

3. If {(A,,B,):a e A} isafamily of members of M ,then (U, A, U, B,)eM.

o4 aeA” o

If M is a binary topology from X to Y then the triplet (X,Y, M) is called a binary topological

space and the members of M are called binary open sets. (C, D) is called binary closed if (X \C,Y \D) is
binary open.
The elements of X xY are called the binary points of the binary topological space (X,Y,M).

Two binary points, (X;,Y,;) and (X,,Y,) are distinct if either X, # X, or Yy, # Y, or both. They
are jointly distinct if both X; # X, and Yy, #VY,.

Let (X,Y,M) be a binary topological space and let (X,Yy) € X xY . The binary open set (A, B)
is called a binary neighbourhood of (X,y) if X€ A and yeB.

If X =Y then M iscalled a binary topology on X and we write (X, M) as a binary space.

Note: ¢o(X) denotes the power set of aset X .

Definition 4 [11] Let X and Y be two sets. A function b : P(X)xp(Y) > p(X)xgp(Y) is called a
binary closure (monotone) operator if

b(4,¢) = (4,4)(A B) =b(A B)(AB) = (C,D) =b(AB) cb(C,D).
Then (X,Y, 5) is called a binary closure (monotone) space.

The binary closure operator is a binary C ech closure operator if it satisfies
b[(A, B)U(C,D)]=b(A B)Ub(C,D).

Definition 5 [11] Aset (A, B) eg(X)xg(Y) is b -closed if b(A B)= (A B) andaset (C,D) is b
-openif b(X\C,Y\D)=(X\C,Y\D).

Proposition 1 [11] Let (X,Y,b) be abinary C ech closure space. Then (¢,¢) and (X,Y) are both open
and closed.

Proposition 2 [11] If (X,c,) and (Y,C,) are two C ech closure spaces, then (X,Y,b) where
b:@(X)x@(Y) = @(X)x@(Y) is given by b(A B)= (c,(A),c,(B)), is a binary C ech closure
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operator.

Proposition 3 [11] Let (X,Y, 5) be a binary C ech closure space. Then the set of all B -open sets ,i.e.
M(b):={(A B)|b(X\AY\B)=(X\AY\B) isa binary topology.

Definition 6 Let (X,Y, 5) be a binary C ech closure space. Then the binary interior operator associated with
b, Int. is a function from (@(X)xg@(Y) to itself given by Int. (A B)=(X\C,Y\D) where
(C,D)=b(X\AY\B).

Abinary set (A, B) is b -open if and only if Int, (A, B) = (A, B)

Proposition 4  Given a binary C ech closure operator, B from X to Y , the function
Bx : (X)) = o(X) given by Bx (A)=C where b(A ¢)=(C,D) isa C ech closure operator on X .

Similarly 5( oY) — p(Y) given by BY (B) =D where b(g,B)=(C,D) isa C ech closure operator
on Y.

Lemma1Let (X,Y,b) beabinary C ech closure operator. Then
(b (A),b, (B) =b(A B) V(A B) € o(X) x o(Y).

3 Separation Properties
Definition 7 Let (X,Y, 5) be a binary C ech closure space. It is said to be 5 -T0 if for every pair of distinct
binary points (X, Y;) and (X,,Y,) € X XY , either (X, VY;) & 5({X2},{y2}) or
(%, Y,) b3y

Proposition 5 If (X,Y,b) isa B—To BC CS, then (X,BX) and (YBY) are T, C ech closure spaces.
Proof. Let X, X, be two distinct pointsin X and Y,,Y, be two distinct pointsin Y .
Let (X,b,) benota T, C ech closure space.
Then there exists two distinct points X;, X, € X suchthat X, € Bx {x,}) and X, € BX ).
Thenforany yeY,(X,Y)#(X,,Y).
X, €b, ({x3) and (b, ({x3),¢) =b{x}{yD = (%, y) eb{x 3y}

similarly (., Y) € b({x,}.{y}).
Hence it contradicts that (X,Y,b) isa B—TO BC CS. So (X,BX) isa T, C ech closure space.

Similarly we can prove that (Y, 5() isa T, C ech closure space.
Hence the theorem.
Remark1 (X, BX) and (Y,BY) are both T, C ech closure spaces, need not imply (X,Y,b) isa B-TO
BCcCs.

Example 1 Let X ={0,1},Y ={p,q}.
Let b: @(X)x@(Y) = @(X)x@(Y) be defined as follows:
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b{0}.¢)=({0}.¢),  b{1}.4)={0.1}{p}.b(B{p}) =@ {p.a}).  b(s{d}) = {0} {a})

For all other (A, B) € go(X)xg(Y),
b(A B) =[U.nb ({3 A V[, sb (@ LY}
Here X is by -T, and Y is b, -T,. But (X,Y,b) is not a b -T, B C Cs, since

{13 4ap) eb{1}4{p}) and {1}{p}) eb({1}{a})

Definition 8 A binary C ech closure space (X,Y, 5) is said to be D -T, if for two distinct binary points,
(% ¥y) and (X, Y,) in X xY,(x,¥;) &b{({x.}{y, D} and (x,.y,) & b{{x}{y, )}

Proposition 6 The following statements are equivalent in any binary C ech closure space.

1. The space (X,Y,B) is B-Tl.
2. Forany binary point (X,y) e X xY, ({x},{y}) is b -closed.
3. If Ac X and BCY are both finite sets then, (A, B) is b - closed.

Proof. (1) = (2)

Let (X,Y,b) be T,.

Assume that ({X},{y}) is not b -closed.

Then b({x3.{y}) = ©F{yDie (X, y)[= (X, y)] € X xY, such that
(X, y") e b (3, {y}). This contradicts the fact that (X,Y,b) is b- T,.

{3, {y}) is b-closed.

2)=03)

since b(A,B,)Ub(A,,B,)=b(AUB,,A UB,), if A and B are finite, (A B) is b
-closed by (2) .

=2

Follows directly from (3) .

=1

If (x,y,) and (X5, Y,) are two distinct binary points in
X XY, (%, ¥,) 2b (@ 1AY.1) = ©63AY.3) and (%,,Y,) b{x 3Ly} = @340

Thus (X,Y,b) is b-T,.

Remark 2 Every B-Tl space is b T, , but the converse is not true.

Example 2 Let X ={0,1},Y ={p,q}.
Let b: @(X)x@(Y) = @(X)x@(Y) be defined as follows:
b{0}.¢)=({0}¢),  b{1}¢#)={0.1}.9).b(#{p}) =(B{p.}),  b@{D) = (#{a})

For all other (A, B) € go(X)x gp(Y),
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b(A,B) = [U, b ({3 Al UL, s b (4.{D)]
Here (X,Y,b) is b-T,,but (X,Y,b) isnot b-T,,since b({0}.{p}) = {0}.{p}).

Proposition 7 If (X,Y,b) isa B-Tl BC CS, then (X,BX) and (YBY) are T, C ech closure spaces.
Proof. Let (X,Y,b) be B-Tl _Thenforany (X,y)e X xY,b({x3{y}) = (¢ {y}).
We have (b ({x}),¢) =b{3{y}) = b, ({3) ={Fieb, ({})={x} . since we have
03 b, ().

Thus 5X isa T, C ech closure operator. Similarly BY isalsoa T, C ech closure operator.

Remark 3 Converse of the above Proposition need not be true.

Example 3 Let X ={0,1,2} and Y ={p,q}.
Let b: @(X)x@(Y) = @(X)x@(Y) be defined as follows:
b{0}.¢) ={0}{r}), bHLLA={1}1{rY, b{2}¢)={23A{r).b@Lr}) = {1}{r}),

For all other (A, B) € po(X)xg(Y),

b(A B) =[U..b ({3 A V[, b (@ LY}

Here X is by -T, and Y is b, -T, . But (X,Y,b) is not a b -T, B C CS, since
b{0}{p}) = {0}{P})-

Definition 9 A binary closure space (X ,Y,B) is said to be b - Hausdorff if for two distinct binary points
(x,,y,) and (X,,Y,), there exists b -open sets U,V)) and (U,,V,) of (X,Y,) and (X,,Y,)
respectively such that (U,,V,)"(U,,V,) = (4,9).

Proposition 8 Let (X,Y,b) is said to be b - Hausdorff. Then (X, BX) and (YBY) are Hausdorff C ech
closure spaces.

Proof. Let X, #X, € X and Y, #Y, €Y Then (X,V,)# (X,,Y,). Hence there exists b -open
sets  (U,V)) ad (U,V,) of (x,y,) and (X,,Y,) respectively such that
U,,V,)"(U,,V,) =(¢,8). Then U,,U, are b, neighbourhoods of X,,X, respectively in (X,b,)
and V,V, are BY neighbourhoods of Y,,Y, respectively in (Y,BY) . Also U NU,=¢ and
V, NV, = ¢, showing that (X,BX) and (Y,BY) are Hausdorff C ech closure spaces.

Remark 4 Every b -Hausdorff space is b T, , but the converse is not true.

Example4 Let X and Y be any two infinite spaces and b bea Binary C ech Closure operator defined from
X to Y asfollows:

b(A,B)= A and B arebothfinite(X,B),if A isinfiniteand B isfinite (A Y),if A
isfinitean d B isinfinite (X,Y),if A and B arebothinfinite
Then (X,Y,B) isa b T, space, but not B-Hausdorff, by Proposition 8, since the topology obtained
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from (X, BX ), the cofinite topology is not Hausdorff, (X, EX) is not Hausdorff[3].

Definition 10 A binary closure space (X,Y, 5) is said to be

1. b -Urysohn space if for two distinct binary points (X, Y1), (X5, Y,) there exists b -open sets
U, V1), (U,,V,) suchthat (X, Y,) € (U, Vi), (X, Y,) €(U,,V,) and
b(U,,V,)) nb(U,,V,) = (¢, 9).

2. b -regular if for each binary point (X, y) and each b -closed set (A, B) such that
(X, y) 2 b(A, B), there exists b -open sets U, V,),U,,V,) such that
X, ¥)e U, V1).(AB)cU,,V,) and (U,,V))N(U,,V,) =(4,4).

3. b -normal if for any pair of jointly disjoint b -closed sets (A, B,) and (A,,B,), there exists
jointly disjoint b -opensets (U,,V,) and (U,,V,) containing (A,B,) and (A,,B,) respectively.

Proposition 9 ABC CS (X,Y,b) is
1. B-Urysohn = B—Hausdorff
2. b -regular and B—T1:> b -Hausdorff

3. b -normal and B—T1:> b -regular.

Proof.

1. Let (X,Y,b) be b-Urysohn. Then for any two binary points (X, ), (X,,Y,) there exists
binary open sets (U,,V,),(U,,V,) suchthat (x,Y,) € (U,;,V,),(X,,Y,) € U,,V,) and
5(U11V1) mB(Uz’vz) =(¢,¢). Nowif (U,V;)n(U,V,)=(4,¢), U, V,) = B(Ul’vl) and
U,V,)c 5(U21V2) = l:v’(Ullv1) ﬁB(UZ,VZ) # (¢, ¢). Hence (U;,V)N(U,,V,) =(4,¢) and
(X,Y,b) is b-Hausdorff.

2. Let (X,Y,b) be b -regular and B-Tl. Then for each binary point (X,Y), ({X},{y}) is

5 -closed and by the definitions of B -regular and 5 -Hausdorff, the result follows.
3. The proof follows from the definitions and it is similar to the above proof.

Proposition 10 Let (X,Y,b) beaB C CS. Theniitis b -regular if and only if for any binary element (X, y)
and any b -open set (G,,G,) containing (X, Y), there exists a b -open set (H,,H,) containing (X,Y),
such that b(H,,H,) = (G,,G,)

Proof. If (G,,G,) isa b -open set containing (X, y), (X \G,,Y\G,) isa b -closed set that does
not contain (X, Y). So by D -regularity, there exists two b -open sets U,U,) and (V,,V,) such that

(% y) e (U,,U,), (X\G,Y\G,) =(V,V,) and (U,U,)N(V,V,) = (4. 9).

Then (U,,U,) = (X\V,Y\V,) andso b(U,,U,) =b(X\V,Y\V,).

Since V,V,) is b -open, (X\V,Y \V,) is b closed and
b(X \V,,Y \V,) = (X \V,Y\V,).

Thus b(U,,U,) = (X \V,Y \V,).
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Now (X \G,Y\G,) <= (V,V,)=(X\V,Y\V,)c(G,G,)=bU,U,)=(G,G,).
So taking (H;,H,) = (U,,U,) proves the theorem.

Conversely suppose that (X,y) e (X,Y) and (A B) be a b -closed set not containing (x,y).
Then (X\AY\B) is a b -open set containing (X,y) . Hence there exists a b -open set (H,H,)
containing (X, Y), such that B(Hl, H,)c(X\AY\B).

Thus (H,,H,) =b(H,,H,) = (X\AY\B)= (A B)c= (X \H,Y\H,).

Then B-int-(X\Hl,Y\Hz) isa D -open set containing (A,B) anditisdisjointwith (H,,H,).

Proposition 11 A BC CS, (X,Y,b) is b -normal if and only if for any b -closed set (C,D) and any b
-open set (U,V) containing (C, D) there exists a b -open set (H;,H,) suchthat (C,D)<(H,,H,)

and b(H,,H,) < (U,V).
Proof. Proof is similar to that of the Proposition 10.

4 Connectedness
Definition 11 ABC CS (X,Y,b) issaidtobe b -disconnected if there exists two binary subsets (A, B,)
and (A,,B,) such that

b(A,B)UDB(A,,B,)=(X,Y) and b(A,B)Db(A,,B,) = (4,4).

A space which is not b -disconnected is called b -connected.

Remark5 (X,Y,b) is b -disconnected neednot imply (X,BX) and (YBY) are disconnected C ech
closure spaces. Also (X,Bx) and (Y,BY) are disconnected C ech closure spaces neednot imply (X,Y,b)

is B—disconnected.

Example 5 Let X ={1,2,3} and Y ={e, f}. Let b be aBinary C ech Closure operator defined between
X and Y as follows.

b({1}.¢) = {12}, /)b {2}.¢4) = (1.2} {f Pb{3}.¢) = {3}.Y)b(#{e}) = {23} {ehb (4 {f}) = ({1

For all other (A, B) € po(X)xg(Y),

b(A,B) =[U, .b({3, #)1 UL, b (B {YD].

Here {1} and {3} disconnects (X,BX) and {e} and {f} disconnects (Y,BY) , but
(X,Y,b) is not b -disconnected.

Example 6 Let X ={1,2,3,4} and Y ={g, f,g}. Let b bea Binary C ech Closure operator defined
between X and Y as follows.

b({1}.¢) = {1} {eDb({2}.¢) = {1,233 { T Hb({3}.¢) = {34} {eH)b({4}.¢) = {343 {e))b (4 {e})
For all other (A, B) € go(X) xgo(Y),

b(A,B) = [L,..b({x} ] V[ b (4 {YD].
Here the binary sets ({1}.{e}) and ({4},{g}) disconnect the space (X,Y,b), but (X,BX)
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and (Y,b,) are not disconnected C ech closure spaces

Definition 12 A binary subset (A, B) ofaB Ccs, (X,Y,b) satisfies the Hausdorff- Lennes condition in
binary case, if
[0(A B)N(X\AY\B)U[(A B)Nb(X \AY\B)]#(¢,4).

Lemma 2 The Hausdorff- Lennes condition is equivalent to the condition
b(X \AY\B)Nb(A B) = (¢,4).
Proof.
[b(A B)N(X\AY\B)U[(A B)Nb(X\AY\B)]

={[b(A B)N(X\AYV)JUB(X\AY\B)}{[b(AB)N(X\AY\B)U(A B)}
=[b(A B)Ub(X\AY\B)]N[(X\AY\B)Ub(X\AY\B)]
A[b(A B)U(A B)]N[(X\AY\B)U(A B)]

=(X,Y)Nb(X\AY\B)nb(A B)N(X,Y),since(A, B) = b(A,B), V(A,B) = (X,Y)
=b(X\AY\B)nb(A B)

Proposition 12 IfaB C CS, (X,Y,b) is connected then each of its proper binary subsets (A, B) satisfies the
Hausdorff- Lennes condition in binary case.
Proof. Let (A, B) < (X,Y) doesnot satisfy the Hausdorff- Lennes condition in binary case.

Then b(A B)NB(X\AY\B)=(4¢). (AB)U(X\AY\B)=(X,Y).
Also (A,B) =b(A B), V(A B)=(X,Y)=b(A B)Ub(X\AY\B)=(X,Y).
sotaking (A,B,) = (A B)and(A,,B,) = (X \ A Y \B), disconnects (X,Y,b).

Definition 13 A binary é ech closure space, (X ,Y,B) is said to be feebly disconnected if there exists two
nonempty binary sets (A,B) and (A,,B,) such that

(A,B)Ub(A,,B,) =(X,Y)=b(A,B)U(A,,B,) and
(A,B)NDb(A,,B,) = (4,4) =b(A,B) (A, B,).

Remark 6 (X,Y,b) is feebly disconnected neednot imply it is disconnected. Also (X,Y,b) is disconnected
neednot imply it is feebly disconnected, as seen in the following examples.

Example 7 Let X ={1,2,3,4}\Y ={e, f,q}.
Let b:@(X)x@(Y) — @(X)x@(Y) be defined as follows:
b({1}.¢) = {1.234g}). b{2}¢)=({233{g}).b{3}.4) = {34}{0}). b{4}.¢)=({34}{

For all other (A, B) € go(X)xg(Y),

b(A,B) = [Unb (O3 AUV, (2 LYD)].

Here the binary sets ({1},{e}) and ({4}.{f}) feebly disconnect (X,Y,b), since
{13 UbE43{f P = (X,Y) =b({1}{eh) ({4} {f}) and
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{13 {H b {43t} = (4.4) =b{1}{e}) N ({4}{}) .

But (X,Y,b) isnot disconnected.

Example 8 Let X ={1,2,3,4}\Y ={e, f,q}.
Let b:@(X)x@(Y) — @(X)x@(Y) be defined as follows:
b{1}.4) = {12}.¢), b{2}4)={2}.4).b{319)={3}4). b{4}.¢)=({34}.9).b(s{e}

For all other (A, B) € po(X)x(Y),

b(A,B) = [Unb (3 AU, b (8 YD)].

Here the binary sets ({1},{e}) and ({4}.{f}) disconnect (X,Y,b), since
|EE({l},{e}) Ufi({4}1{f}) =(X,Y) and

b(1}{e) "b({4}{f}) =(4.¢) .

But (X,Y,b) is not feebly disconnected.

5 Compactness
Definition 14 Let (X,Y,b) beaBC CS. A family {(A,B,):ie |} ofbinary subsets of (X,Y) isa b

-cover of (A, B) = (X,Y) if {b-int(A,B,):iel} covers (A B),where b -
int(A,B)=(X\C,Y\D,) and (C,,D,)=b(X\A,Y\B).

Abinary set (A, B) inaBC CS, (X,Y,b)is b -compact if every b -cover of (A,B) has afinite
subcover. If (X,Y) isa b -compact subset of itself, we say that (X,Y,b) is b -compact.

Proposition 13 Ifa B C CS, (X,Y,b) is b -compact then each binary subset of (X,Y) is b -compact.
Proof. Proof follows directly from the definitions.
Proposition 14 A BCCs, (X ,Y,B) is B—compact if given any family, F of binary subsets of (X,Y) with
the finite intersection property, "{b(E,F): (E,F)eF}= (4,4).
Proof. Assume that (X,Y,b) isa BC CS with the given condition. Let F ={(E,,F):iel} bea
b -cover of (X,Y). Then by the definition of b -cover, the family {b(X \E;,Y\F)} has an empty
intersection. Therefore there exists a finite subfamily {B(X\Ei,Y\Fi):ieJ}, which has an empty

intersection. This means that {(E;, F) :1 € J} isa finite b -subcover.

Definition 15 A binary set (A, B) in a BCcs, (X,Y,b) is countably b -compact if every b -cover of
(A, B) hasacountable subcover. If (X,Y) isacountably b -compact subset of itself, we say that (X,Y,b)

is countably b -compact.

Proposition 15 If a B Ccs, (XY, 5) is countably B—compact then each binary subset of (X,Y) is

countably b -compact.
Proof. Proof follows directly from the definitions.
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Definition 16 A binary set (A,B) ina BCCs, (X,Y,b) is said to be & b -compact if (X,Y) can be

written as the union of countably many b -compact binary subsets.

Proposition 16 A binary set (A, B) ina BC Cs, (X,Y,B) is 5-compact => itis countably B-compact

= itis o b-compact.
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