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1 Introduction 

Closure spaces were introduced by E. C


ech [1] and then studied by many authors like David Niel 

Roth[2], Sunitha T. A.[3] etc. C


ech closure spaces, is a generalisation of the concept of topological spaces. D. N. 

Roth and J. W. Carlson [2] studied a number of separation properties in closure spaces. W. J. Thron studied some 

separation properties in closure spaces. T. A. Sunitha[3] studied higher separation properties in closure spaces. P. 

Thangavelu and Nithanantha Jothi introduced the concept of binary topology[5]. It is a single topological structure 

that carries the subsets of a set X  as well as the subsets of another set Y  for studying the information about the 

ordered pair ),( BA  of subsets of X  and Y . Tresa Chacko and D. Susha introduced Binary C


ech Closure 

Spaces in [11]. In this paper we introduce separation properties, connectedness and compactness in Binary C


ech 

Closure Spaces. 

The paper is organised as follows. 

Section 2 contains the pre-requisites for the paper. In Section 3 we define separation properties and 

establish the relation between them. We also prove characterisations for b


-regular and b


-normal spaces. 

Section 4 describes the concept of b


-connectedness, Hausdorff- Lennes condition in binary spaceand 

establish the relation between b


-connectedness and Hausdorff- Lennes condition.Feeble b


-connectedness is 

also introduced and explained with sufficient examples. 

Section 5 deals with b


-compactness and a property of b


-compactness in connection with the finite 

intersection property. 

 
2 Preliminaries 

Definition 1 [1] Let X  be a set and )(X  be its powerset. A function )()(: XXc   is called a C


ech closure operator for X  if   

    1.   =)(c   

    2.  )(AcA   

    3.  XBABcAcBAc  ,),()(=)(   

Then ),( cX  is called C


ech closure space or simply closure space.  

If in addition  

    4.  ,),(=))(( XAAcAcc    

the space ),( cX  is called a Kuratowski (topological) space. 

If further  
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    5.  for any family of subsets of )(=)(,}{, )( iIiiIiIii AcAcAX   , the space is called a total 

closure space.  

   

Definition 2 [1] A function )()(: XXc  is called a monotone operator for X  if   

    1.   =)(c   

    2.  )(AcA   

    3.  XBABcAcBA  ,),()(   

 Then ),( cX  is called monotone space.   

 

 Definition 3 [5] Let X  and Y  be any two non-empty sets and )(X  and )(Y  be their power sets 

respectively. A binary topology from X  to Y  is a binary structure )()( YXM   that satisfies the 

following axioms.   

    1.  ),(   and MYX ),(   

    2.  If ),( 11 BA  and MBA ),( 22 , then MBBAA  ),( 2121 .  

    3.  If }:),{(  BA  is a family of members of M , then .),( MBA      

 

If M  is a binary topology from X  to Y  then the triplet ),,( MYX  is called a binary topological 

space and the members of M  are called binary open sets. ),( DC  is called binary closed if )\,\( DYCX  is 

binary open. 

The elements of YX   are called the binary points of the binary topological space ),,( MYX . 

Two binary points, ),( 11 yx  and ),( 22 yx  are distinct if either 21 xx   or 21 yy   or both. They 

are jointly distinct if both 21 xx   and 21 yy  . 

Let ),,( MYX  be a binary topological space and let YXyx ),( . The binary open set ),( BA  

is called a binary neighbourhood of ),( yx  if Ax  and By . 

If YX =  then M  is called a binary topology on X  and we write ),( MX  as a binary space.   

 

Note: )(X  denotes the power set of a set X . 

  

Definition 4 [11] Let X  and Y  be two sets. A function )()()()(: YXYXb 


 is called a 

binary closure (monotone) operator if  

),(),(),(),)(,(),)(,(=),( DCbBAbDCBABAbBAb


 . 

Then ),,( bYX


 is called a binary closure (monotone) space. 

The binary closure operator is a binary C


ech closure operator if it satisfies  

),(),(=)],(),[( DCbBAbDCBAb


 . 

  

Definition 5 [11] A set )()(),( YXBA   is b


-closed if ),(=),( BABAb


 and a set ),( DC  is b


-open if )\,\(=)\,\( DYCXDYCXb


.   

   

Proposition 1 [11] Let ),,( bYX


 be a binary C


ech closure space. Then ),(   and ),( YX  are both open 

and closed. 

  

Proposition 2 [11] If ),( 1cX  and ),( 2cY  are two C


ech closure spaces, then ),,( bYX


 where 

)()()()(: YXYXb 


 is given by ))(),((=),( 21 BcAcBAb


, is a binary C


ech closure 
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operator.   

   

Proposition 3 [11] Let ),,( bYX


 be a binary C


ech closure space. Then the set of all b


-open sets ,i.e. 

)\,\(=)\,\(|),{(:=)( BYAXBYAXbBAbM


 is a binary topology. 

  

Definition 6 Let ),,( bYX


 be a binary C


ech closure space. Then the binary interior operator associated with 

b


, 
b

Int   is a function from )()( YX   to itself given by )\,\(=),( DYCXBAInt
b
  where 

)\,\(=),( BYAXbDC


.  

A binary set ),( BA  is b


-open if and only if ),(=),( BABAInt
b
    

  

Proposition 4  Given a binary C


ech closure operator, b


 from X  to Y , the function 

)()(: XXbX 


 given by CAbX =)(


 where ),(=),( DCAb 


 is a C


ech closure operator on X . 

Similarly )()(: YYbY 


 given by DBbY =)(


 where ),(=),( DCBb 


 is a C


ech closure operator 

on Y .   

   

Lemma 1 Let ),,( bYX


 be a binary C


ech closure operator. Then 

)()(),(),())(),(( YXBABAbBbAb YX 


.   

  
3 Separation Properties  

Definition 7 Let ),,( bYX


 be a binary C


ech closure space. It is said to be b


- 0T  if for every pair of distinct 

binary points ),( 11 yx  and YXyx ),( 22 , either }){},({),( 2211 yxbyx


  or 

}){},({),( 1122 yxbyx


 .   

   

Proposition 5 If ),,( bYX


 is a b


- 0T  B C


CS, then ),( XbX


 and ),( YbY


 are 0T  C


ech closure spaces.   

Proof. Let 21, xx  be two distinct points in X  and 21, yy  be two distinct points in Y . 

Let ),( XbX


 be not a 0T  C


ech closure space. 

Then there exists two distinct points Xxx 21,  such that })({ 21 xbx X


  and })({ 12 xbx X


 . 

Then for any ),(),(, 21 yxyxYy  . 

})({ 12 xbx X


  and }){},({),(}){},({)}),({( 1211 yxbyxyxbxbX


 . 

Similarly }){},({),( 21 yxbyx


 . 

Hence it contradicts that ),,( bYX


 is a b


- 0T  B C


CS. So ),( XbX


 is a 0T  C


ech closure space. 

Similarly we can prove that ),( YbY


 is a 0T  C


ech closure space. 

Hence the theorem.   

   

 Remark 1 ),( XbX


 and ),( YbY


 are both 0T  C


ech closure spaces, need not imply ),,( bYX


 is a b


- 0T  

B C


CS.   

   

Example 1 Let },{={0,1},= qpYX . 

Let )()()()(: YXYXb 


 be defined as follows: 
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}){({0},=}){,(}),,{,(=}){,(}),{({0,1},=)({1},),({0},=)({0}, qqbqppbpbb 


  

For all other )()(),( YXBA  ,  

})]{,([)]},({[=),( ybxbBAb ByAx 


   

Here X  is 
Xb


- 0T  and Y  is 
Yb


- 0T . But ),,( bYX


 is not a b


- 0T  B C


CS, since 

}){({1},}){({1}, pbq


  and }){({1},}){({1}, qbp


    

   

Definition 8 A binary C


ech closure space ),,( bYX


 is said to be b


- 1T  if for two distinct binary points, 

),( 11 yx  and ),( 22 yx  in })}{},{({),(, 2211 yxbyxYX


  and })}{},{({),( 1122 yxbyx


 .   

 

Proposition 6 The following statements are equivalent in any binary C


ech closure space.  

  

    1.  The space ),,( bYX


 is b


- 1T .  

    2.  For any binary point YXyx ),( , }){},({ yx  is b


-closed.  

    3.  If XA  and YB  are both finite sets then, ),( BA  is b


- closed.  

   

Proof. (2)(1)  

Let ),,( bYX


 be 1T .  

Assume that }){},({ yx  is not b


-closed. 

Then ,)],()[,(..}).{},({}){},({ YXyxyxeiyxyxb 


 such that 

}){},({),( yxbyx


 . This contradicts the fact that ),,( bYX


 is b


- 1T .  

}){},({ yx  is b


-closed. 

(3)(2)  

Since ),(=),(),( 22112211 BABAbBAbBAb 


, if A  and B  are finite, ),( BA  is b


-closed by (2) . 

(2)(3)  

Follows directly from (3) . 

(1)(2)  

If ),( 11 yx  and ),( 22 yx  are two distinct binary points in 

}){},({=}){},({),(, 222211 yxyxbyxYX


  and }){},({=}){},({),( 111122 yxyxbyx


 . 

Thus ),,( bYX


 is b


- 1T .   

   

Remark 2 Every b


- 1T  space is b


 0T , but the converse is not true.   

   

Example 2 Let },{={0,1},= qpYX . 

Let )()()()(: YXYXb 


 be defined as follows: 

}){,(=}){,(}),,{,(=}){,(),({0,1},=)({1},),({0},=)({0}, qqbqppbbb 


  

For all other )()(),( YXBA  ,  
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})]{,([)]},({[=),( ybxbBAb ByAx 


   

Here ),,( bYX


 is b


- 0T , but ),,( bYX


 is not b


- 1T , since }){({0},}){({0}, ppb 


.   

   

Proposition 7 If ),,( bYX


 is a b


- 1T  B C


CS, then ),( XbX


 and ),( YbY


 are 1T  C


ech closure spaces.   

Proof. Let ),,( bYX


 be b


- 1T . Then for any }){},({=}){},({,),( yxyxbYXyx


 . 

We have }{=})({..}.{})({}){},({)}),({( xxbeixxbyxbxb XXX


 , since we have 

})({}{ xbx X


 .  

Thus 
Xb


 is a 1T  C


ech closure operator. Similarly 
Yb


 is also a 1T  C


ech closure operator.   

   

Remark 3 Converse of the above Proposition need not be true.   

   

Example 3 Let {0,1,2}=X  and },{= qpY . 

Let )()()()(: YXYXb 


 be defined as follows: 

}){({1},=}){,(}),{({1},=}){,(}),{({2},=)({2},}),{({1},=)({1},}),{({0},=)({0}, qqbppbpbpbpb 


  

For all other )()(),( YXBA  ,  

})]{,([)]},({[=),( ybxbBAb ByAx 


   

Here X  is Xb


- 1T  and Y  is Yb


- 1T . But ),,( bYX


 is not a b


- 1T  B C


CS, since 

}){({0},}){({0}, ppb 


.   

 

Definition 9 A binary closure space ),,( bYX


 is said to be b


- Hausdorff if for two distinct binary points 

),( 11 yx  and ),( 22 yx , there exists b


-open sets ),( 11 VU  and ),( 22 VU  of ),( 11 yx  and ),( 22 yx  

respectively such that ),(=),(),( 2211 VUVU  .   

 

Proposition 8 Let ),,( bYX


 is said to be b


- Hausdorff. Then ),( XbX


 and ),( YbY


 are Hausdorff C


ech 

closure spaces.   

Proof. Let Xxx  21  and Yyy  21 .Then ),(),( 2211 yxyx  . Hence there exists b


-open 

sets ),( 11 VU  and ),( 22 VU  of ),( 11 yx  and ),( 22 yx  respectively such that 

),(=),(),( 2211 VUVU  . Then 21,UU  are Xb


 neighbourhoods of 21, xx  respectively in ),( XbX


 

and 21,VV  are Yb


neighbourhoods of 21, yy  respectively in ),( YbY


. Also =21 UU   and 

=21 VV  , showing that ),( XbX


 and ),( YbY


 are Hausdorff C


ech closure spaces.   

   

Remark 4 Every b


-Hausdorff space is b


 1T , but the converse is not true.   

   

Example 4 Let X  and Y  be any two infinite spaces and b


 be a Binary C


ech Closure operator defined from 

X  to Y  as follows: 

=),( BAb


 A and  B if),,( BXitearebothfin  A andisinfinite  B if),,( YAisfinite  A 

disfinitean  B if),,( YXisinfinite  A and  B initearebothinf  

Then ),,( bYX


 is a b


 1T  space, but not b


-Hausdorff, by Proposition 8, since the topology obtained 
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from ),( XbX


, the cofinite topology is not Hausdorff, ),( XbX


 is not Hausdorff[3].   

   

Definition 10 A binary closure space ),,( bYX


 is said to be   

    1.  b


-Urysohn space if for two distinct binary points ),(),,( 2211 yxyx  there exists b


-open sets 

),(),,( 2211 VUVU  such that ),(),(),,(),( 22221111 VUyxVUyx   and 

).,(=),(),( 2211 VUbVUb


   

    2.  b


-regular if for each binary point ),( yx  and each b


-closed set ),( BA  such that 

),(),( BAbyx


 , there exists b


-open sets ),(),,( 2211 VUVU  such that 

),(),(),,(),( 2211 VUBAVUyx   and ),(=),(),( 2211 VUVU  .  

    3.  b


-normal if for any pair of jointly disjoint b


-closed sets ),( 11 BA  and ),( 22 BA , there exists 

jointly disjoint b


-open sets ),( 11 VU  and ),( 22 VU  containing ),( 11 BA  and ),( 22 BA  respectively.  

   

Proposition 9 A B C


CS ),,( bYX


 is   

    1.  b


-Urysohn   b


-Hausdorff  

    2.  b


-regular and b


- 1T  b


-Hausdorff  

    3.  b


-normal and b


- 1T  b


-regular.  

   

Proof.   

    1.  Let ),,( bYX


 be b


-Urysohn. Then for any two binary points ),(),,( 2211 yxyx  there exists 

binary open sets ),(),,( 2211 VUVU  such that ),(),(),,(),( 22221111 VUyxVUyx   and 

).,(=),(),( 2211 VUbVUb


  Now if ),(),(),,(),(),( 11112211 VUbVUVUVU


   and 

).,(),(),(),(),( 22112222  VUbVUbVUbVU


 Hence ),(=),(),( 2211 VUVU   and 

),,( bYX


 is b


-Hausdorff.  

    2.  Let ),,( bYX


 be b


-regular and b


- .1T  Then for each binary point ),( yx , }){},({ yx  is 

b


-closed and by the definitions of b


-regular and b


-Hausdorff, the result follows.  

    3.  The proof follows from the definitions and it is similar to the above proof.  

   

Proposition 10  Let ),,( bYX


 be a B C


CS. Then it is b


-regular if and only if for any binary element ),( yx  

and any b


-open set ),( 21 GG  containing ),( yx , there exists a b


-open set ),( 21 HH  containing ),( yx , 

such that ),(),( 2121 GGHHb 


   

Proof. If ),( 21 GG  is a b


-open set containing ),( yx , )\,\( 21 GYGX  is a b


-closed set that does 

not contain ),( yx . So by b


-regularity, there exists two b


-open sets ),( 21 UU  and ),( 21 VV  such that 

),()\,\(),,(),( 212121 VVGYGXUUyx   and ),(=),(),( 2121 VVUU  .  

Then )\,\(),( 2121 VYVXUU   and so )\,\(),( 2121 VYVXbUUb


 . 

Since ),( 21 VV  is b


-open, )\,\( 21 VYVX  is b


-closed and 

)\,\(=)\,\( 2121 VYVXVYVXb


. 

Thus )\,\(),( 2121 VYVXUUb 


. 
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Now ),(),(),()\,\(),()\,\( 212121212121 GGUUbGGVYVXVVGYGX 


. 

So taking ),(=),( 2121 UUHH  proves the theorem. 

Conversely suppose that ),(),( YXyx   and ),( BA  be a b


-closed set not containing ),( yx . 

Then )\,\( BYAX  is a b


-open set containing ),( yx . Hence there exists a b


-open set ),( 21 HH  

containing ),( yx , such that )\,\(),( 21 BYAXHHb 


. 

Thus )\,\(),()\,\(),(),( 212121 HYHXBABYAXHHbHH 


. 

Then b


-int- )\,\( 21 HYHX  is a b


-open set containing ),( BA  and it is disjoint with ).,( 21 HH    

   

Proposition 11 A B C


CS, ),,( bYX


 is b


-normal if and only if for any b


-closed set ),( DC  and any b


-open set ),( VU  containing ),( DC  there exists a b


-open set ),( 21 HH  such that ),(),( 21 HHDC   

and ),(),( 21 VUHHb 


.   

Proof. Proof is similar to that of the Proposition 10.   

   

  

4 Connectedness 

Definition 11 A B C


CS ),,( bYX


 is said to be b


-disconnected if there exists two binary subsets ),( 11 BA  

and ),( 22 BA  such that  

),(=),(),( 2211 YXBAbBAb


  and ).,(=),(),( 2211 BAbBAb


  

A space which is not b


-disconnected is called b


-connected.   

   

Remark 5 ),,( bYX


 is b


-disconnected neednot imply ),( XbX


 and ),( YbY


 are disconnected C


ech 

closure spaces. Also ),( XbX


 and ),( YbY


 are disconnected C


ech closure spaces neednot imply ),,( bYX


 

is b


-disconnected.   

   

Example 5 Let {1,2,3}=X  and },{= feY . Let b


 be a Binary C


ech Closure operator defined between 

X  and Y  as follows. 

}){({1,3},=}){,(}){({2,3},=}){,()({3},=)({3},}){({1,2},=)({2},)({1,2},=)({1}, ffbeebYbfbb 


  

For all other )()(),( YXBA  ,  

})]{,([)]},({[=),( ybxbBAb ByAx 


  . 

Here {1}  and {3}  disconnects ),( XbX


 and }{e  and }{ f  disconnects ),( YbY


, but 

),,( bYX


 is not b


-disconnected.   

   

Example 6 Let {1,2,3,4}=X  and },,{= gfeY . Let b


 be a Binary C


ech Closure operator defined 

between X  and Y  as follows. 

}){,(=}){,()({1},=}){,(}),{({1,2},=}){,(}){({3,4},=)({4},}){({3,4},=)({3},}){({1,2,3},=)({2},}){({1},=)({1}, ggbYfbfeebebebfbeb 


 For all other )()(),( YXBA  ,  

})]{,([)]},({[=),( ybxbBAb ByAx 


  . 

Here the binary sets }){({1}, e  and }){({4}, g  disconnect the space ),,( bYX


, but ),( XbX

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and ),( YbY


 are not disconnected C


ech closure spaces   

   

Definition 12 A binary subset ),( BA  of a B C


CS, ),,( bYX


 satisfies the Hausdorff- Lennes condition in 

binary case, if  

),()]\,\(),[()]\,\(),([  BYAXbBABYAXBAb


.   

   

Lemma 2 The Hausdorff- Lennes condition is equivalent to the condition  

).,(),()\,\(  BAbBYAXb


   

Proof.  

 )]\,\(),[()]\,\(),([ BYAXbBABYAXBAb


  

 

)},()]\,\(),({[)}\,\()]\,\(),({[= BABYAXBAbBYAXbYAXBAb 


 

 )]\,\()\,\[()]\,\(),([= BYAXbBYAXBYAXbBAb


  

 )],()\,\[()],(),([ BABYAXBABAb 


 

 

Y)(X,B)(A,B),(A,bB)since(A,),,(),()\,\(),(= 


YXBAbBYAXbYX  

 ),()\,\(= BAbBYAXb


  

   

Proposition 12 If a B C


CS, ),,( bYX


 is connected then each of its proper binary subsets ),( BA  satisfies the 

Hausdorff- Lennes condition in binary case.   

Proof. Let ),(),( YXBA   doesnot satisfy the Hausdorff- Lennes condition in binary case. 

Then ),(=)\,\(),( BYAXbBAb


 . ).,(=)\,\(),( YXBYAXBA   

Also ).,(=)\,\(),(),(),(),,(),( YXBYAXbBAbYXBABAbBA


  

So taking )\,\(=),(),(=),( 2211 BYAXBAandBABA , disconnects ).,,( bYX


 

  

Definition 13 A binary C


ech closure space, ),,( bYX


 is said to be feebly disconnected if there exists two 

nonempty binary sets ),( 11 BA  and ),( 22 BA  such that 

),(),(=),(=),(),( 22112211 BABAbYXBAbBA 


 and 

),(),(=),(=),(),( 22112211 BABAbBAbBA 


 .   

   

Remark 6 ),,( bYX


 is feebly disconnected neednot imply it is disconnected. Also ),,( bYX


 is disconnected 

neednot imply it is feebly disconnected, as seen in the following examples.   

   

Example 7 Let },,{={1,2,3,4},= gfeYX . 

Let )()()()(: YXYXb 


 be defined as follows: 

}){({1,3},=)},{,(}),,{({2,3},=)},{,(}),{({3},=)},{,(}),{({3,4},=)({4},}),{({3,4},=)({3},}),{({2,3},=)({2},}),{({1,2},=)({1}, ggbgffbeebgbgbgbgb 


 

For all other )()(),( YXBA  ,  

})]{,([)]},({[=),( ybxbBAb ByAx 


  . 

Here the binary sets }){({1}, e  and }){({4}, f  feebly disconnect ),,( bYX


, since 

}){({4},}){({1},=),(=}){({4},}){({1}, febYXfbe 


 and 



International Journal of Latest Engineering Research and Applications (IJLERA) ISSN: 2455-7137  

 

Volume –05, Issue – 03, March 2020, PP – 57-66 

www.ijlera.com                2020 IJLERA – All Right Reserved                       65 | Page 

}){({4},}){({1},=),(=}){({4},}){({1}, febfbe 


  . 

But ),,( bYX


 is not disconnected.   

   

Example 8 Let },,{={1,2,3,4},= gfeYX . 

Let )()()()(: YXYXb 


 be defined as follows: 

),(=)},{,(}),{,(=)},{,(}),,{,(=)},{,(),({3,4},=)({4},),({3},=)({3},),({2},=)({2},),({1,2},=)({1}, YXgbffbgeebbbbb 


 

For all other )()(),( YXBA  ,  

})]{,([)]},({[=),( ybxbBAb ByAx 


  . 

Here the binary sets }){({1}, e  and }){({4}, f  disconnect ),,( bYX


, since 

),(=}){({4},}){({1}, YXfbeb


  and 

),(=}){({4},}){({1}, fbeb


  . 

But ),,( bYX


 is not feebly disconnected.   

  

5 Compactness 

Definition 14 Let ),,( bYX


 be a B C


CS. A family }:),{( IiBA ii   of binary subsets of ),( YX  is a b


-cover of ),(),( YXBA   if b


{ - }:),( IiBAint ii   covers ),( BA , where b


-

)\,\(=),( iiii DYCXBAint  and )\,\(=),( iiii BYAXbDC


. 

A binary set ),( BA  in a B C


CS, isbYX ),,(


 b


-compact if every b


-cover of ),( BA  has a finite 

subcover. If ),( YX  is a b


-compact subset of itself, we say that ),,( bYX


 is b


-compact.   

   

Proposition 13 If a B C


CS, ),,( bYX


 is b


-compact then each binary subset of ),( YX  is b


-compact.   

Proof. Proof follows directly from the definitions.   

   

Proposition 14 A B C


CS, ),,( bYX


 is b


-compact if given any family, F  of binary subsets of ),( YX  with 

the finite intersection property, ),(}),(:),({  FFEFEb


.   

Proof. Assume that ),,( bYX


 is a B C


CS with the given condition. Let }:),{(= IF iFE ii  be a 

b


-cover of ),( YX . Then by the definition of b


-cover, the family )}\,\({ ii FYEXb


 has an empty 

intersection. Therefore there exists a finite subfamily }:)\,\({ JiFYEXb ii


, which has an empty 

intersection. This means that }:),{( JiFE ii  is a finite b


-subcover.   

   

Definition 15 A binary set ),( BA  in a B C


CS, ),,( bYX


 is countably b


-compact if every b


-cover of 

),( BA  has a countable subcover. If ),( YX  is a countably b


-compact subset of itself, we say that ),,( bYX


 

is countably b


-compact.   

   

Proposition 15 If a B C


CS, ),,( bYX


 is countably b


-compact then each binary subset of ),( YX  is 

countably b


-compact.   

Proof. Proof follows directly from the definitions.   
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Definition 16 A binary set ),( BA  in a B C


CS, ),,( bYX


 is said to be   b


-compact if ),( YX  can be 

written as the union of countably many b


-compact binary subsets.   

   

Proposition 16 A binary set ),( BA  in a B C


CS, ),,( bYX


 is b


-compact   it is countably b


-compact 

  it is   b


-compact.   
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