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Abstract: The investigation communicated in this study features the mechanism of heat distribution in 

stagnation-point flow of hydromagnetic Jeffery fluid conveying tiny nanoparticles along a porous expanding 

sheet. The formulated mathematical model is made of two dimensional permeable sheet which is convectively 

heated alongside the impacts of nonlinear thermal radiation together with ex ternal magnetic field. The 

transformation of the model equations from partial to ordinary derivatives is actualized by similarity techniques 

and thereafter a numerical approach via shooting procedures accompanied with Runge-Kutta-Fehlberg scheme 

is applied to provide solutions to the transmuted equations. Efforts were made to scrutinize the impacts of the 

emerging physical quantities on the non-dimensional factors, skin frictional factor as well as heat transfer 

mechanism via various graphs. A strong positive correlation occurs in the results obtained in the present results 

and existing data in literature in the limiting condition. The outcomes of the analysis indicate a depletion of 

temperature profiles for higher Deborah number whereas the thermal field escalates with magnetic field, surface 

convection and thermal radiation terms. Heat transfer mechanism across the surface dimin ishes with 

thermophoretic and brownian motion terms but stretching parameter, surface convection term and Prandtl 

number boost the heat transfer. 
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1. Introduction 
Investigations conducted on the boundary layer flows generated by expanding sheet provide an extensive 

engineering and industrial applications. These applications are common in extrusion activities; plastic sheet and 

metal, electronic chips, crystal growing, cooling of metallic sheet, glass blowing, etc. (Anderson, 2002; Kumar, 

2009; Fatunmbi & Adeniyan, 2018). The pioneering work on such phenomenon was attributed to Crane (1970) 

who designed such a problem in a two-dimensional horizontally expanding surface whose velocity and distance 

from a fixed position have direct proportion. In furtherance to such work, a good number of researchers have 

deliberated on such a concept by introducing various assumptions, configurations and parameters of interest. For 

instance, a report detailing the transport of a reactive Jeffrey fluid configured in a sheet which expands linearly 

with radiation effects was deliberated by Mishra (2017) while Pal et al. (2019) included the effects of viscous 

dissipation, Ohmic heating and entropy analysis to improve on the work of Mishra (2017). Jena et al. (2016) 

evaluated heat-mass propagation in hydromagnetic Jeffrey fluid when heat source/sink together with boundary 

temperature and concentration exponent are incorporated where as Fatunmbi and Okoya (2020) recently 

conducted such an analysis with emphasis on heat flow over a non-linearly stretched sheet using the micropolar 

fluid being influenced by thermal radiation.  

Owing to numerous applications being derived from the studies related to the non-Newtonian fluids 

various scientists and researchers have developed more interest on such analysis. Regularly, such real 

applications are encountered in engineering, technology and manufacturing operations including food sciences, 

chemical, mechanical and biomedical processes, textiles manufacturing, oil drilling, biological fluids, etc. 

Besides, the inappropriateness of the Navier-Stokes model to capture the intrinsic properties of these widely 

used industrial and engineering complex fluids has boosted the investigations of such fluids Mabood & Das 

(2019). Classification of the non-Newtonian fluids includes viscoelastic, time-dependent and time-independent 

types. However, there are complex and complicated fluids which manifest the properties that are common to 

these categories and at such, no single constitutive equation can adequately contain the characteristics features 

of the non-Newtonian fluids models due to differences in rheological properties. Hence, diverse models exist 

such as the Jeffrey fluids, Johnson-Segalman fluid, micropolar fluids, Williamson fluids, Giesekus fluids, 

Casson fluids and so on. These models have been derived to depict the non-Newtonian fluids motion under 

different conditions and rheology Dalir et al. (2015). One of the common non-Newtonian fluids is the Jeffrey 

fluid, it manifests the viscoelastic properties and characterizes relaxation and retardation times behaviour. 
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Common applications of this kind of fluids can be encountered in polymer processes as well as in bio-fluids, 

such applications have aroused the interest of many researchers (Zeeshan & Majeed; Hayat et al., 2012; Kazim 

et al., 2019) to examine the fluids on various configurations and assumptions. A new class of highly conducting 

fluid which provides better heat transfer characteristics with improved thermal conduction in comparison to the 

usual traditional fluid like water, oil, ethylene glycol, etc. is referred to as nanofluid, Choi & Eastman (1995). 

This category of fluids contains of minute particles called nanoparticles which are made up of metals, oxides, 

etc. suspended in the liquid. This fluid is applicable in most most engineering and industrial operations like 

atomic reactors, drug manufacturing, transportation systems, electronic cooling of components, etc.(Mabood et 

al., 2019; Prasannakumara et al. 2017; Ibrahim & Gamachu, 2019). 

When fluid flow impinges on a solid object at a point, the fluid velocity at that point becomes zero and 

the pressure, heat transfer as well as mass deposition attain highest level at that region. Such a point is referred 

to as the stagnation point and was initially investigated by Hiemenz (1911) on a two-dimensional horizontal 

plate. The author employed similarity quantities techniques to modify the formulated equations into ordinary 

derivatives. Such a phenomenon finds considerable applications in engineering and technological works which 

includes extrusion of polymers in meltspinning processes, the cooling of electronic gadgets by fans, the 

continuous casting of metals, to mention a few (Batool & Ashraf, 2013; Ishak et al., 2009). In respect of these 

crucial applications derivable from such a subject, many researchers have devoted time and energy to 

investigate it under different assumptions and different geometries. A lot of research works have been done in 

this regard, few of such investigations can be found in Bhattacharyya (2013); Iqbal et al. (2017); Ibrahim et al. 

(2013). The inclusion of thermal radiation in the heat transport field is significant in the aspect of engineering 

and manufacturing activities operating with high temperature. In such activities like hot rolling, electrical power 

generation, solar power technology, nuclear reactors and so on, it is crucial to consider thermal radiation effect 

for the purpose of developing energy conversion systems. Generally, the use of linear thermal radiation can only 

be effective in situations of low temperature distribution in the flow region. However, in case of high thermal 

distribution in the flow field, nonlinear thermal radiation becomes effective as reported by Mabood et al. (2016); 

Lakshmi et al. (2019) and Gbadeyan et al. (2020). 

Inspired by the above analysis, the purpose of this research is to numerically examine transport model of 

nonlinear radiative hydromagnetic Jeffrey fluid which contains tiny nanoparticles towards a stagnation-point. 

The fluid motion being designed over a porous elongated sheet with essential parameters of interest like 

thermophoresis, Brownian motion, viscous and Darcy dissipation coupled with convective heat transport at the 

wall. These parameters feature in the current model due to their relevance and real applications in various 

engineering and industrial activities. 

 

2. Design and Problem Development 
For the development of the problem and governing equations relevant to the current study, it is assumed 

that the fluid motion is two-dimensional, time-independent and incompressible over a permeable expanding 

plate in the neighbourhood of stagnation point. The working fluid is the Jeffrey fluid consisting of tiny 

nanoparticles featuring thermophoresis influence and brownian motion effect. The steady state flow is bounded 

by (x, y) axes as the transport coordinate system. In this view, the fluid transport is routed in the path of x axis 

but y axis is perpendicular to the leading edge while the constant magnetic field is imposed parallel to y 

direction as portrayed in figure 1. The model ignores induced magnetic field influence by assuming a small 

magnetic Reynolds number, variable fluid properties are not considered, chemical reaction effect is not taken 

into consideration, the sheet also features the imposition of two opposing but equivalent forces along the 

stretched surface with a fixed origin stationed at point y = 0 whereas the Jeffrey nanoliquid permeates through 

the region y ≥ 0. The stretching plate temperature is convectively heated by a hot fluid characterized by 

temperature Tf . In the thermal region, the existence of nonlinear thermal radiation, fluid dissipating, Ohmic 

heating as well as Darcy heating effects are captured. 
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Fig. 1 Flow configuration 

 

2.1 Equations governing the problem  

Holding tight to the aforementioned assumptions together with with boundary layer approximation, the 

relevant governing equations have been developed and stated in Eqs. (1-4) (see SDalir et al., 2015; Fatunmbi & 

Adeniyan, 2020). 

 
 

Associated with equations (1-4) are the underlisted boundary constrains: 

 
 

The included symbols in equations (1-5) are: u, v denoting velocities in x, y direction while λ, T(T∞), 

C(C∞), ν, ρ, µ, uw(u∞) and σ sequentially indicates relaxation time, temperature(free stream temperature), 

concentration(free stream concentration of nanoparticles), kinematic viscosity, den sity, dynamic viscosity, 

wall(free stream) velocity and electrical conductivity. Further, (ρcp)f , DT , k, DB,  

K∗, k
*
, σ

*
, hT , Kr and describes heat capacity of the fluid, thermophoretic coefficient, thermal con 

ductivity, Brownian coefficient, porous medium permeability, mean absorption coefficient, Stefan Boltzmann 

constant, heat transfer coefficient, chemical reaction rate whereas α denotes relaxation time ratio retardation 

time. 
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The under listed similarity quantities (6) are used to further transmute the transport equations from partial 

into ordinary derivatives. Hence, in view of (6), equation (1) is fulfilled while equations (7-9) are the ordinary 

derivatives derived from the governing equations (2-5) whereas equation (10) depicts the transformed boundary 

conditions. 

 

 
Likewise, the wall conditions simply transform to: 

 

 
In the ordinary derivatives (7-10), differentiation is done with respect to η whereas ξ (surface convection 

term), fw (suction/injection term), Ec (Eckert number), T r (temperature ratio), δ (Deborah number), M 

(Magnetic field term), Sc (Schmidt number), H (Velocity ratio parameter), R (Radiation term), N t 

(Thermophoresis parameter), P r (Prandtl number) and N b (Brownian motion) are orderly described as follows: 

 

 
Moreover, the appropriate quantities of interest in the ongoing analysis are described as the Nusselt 

number Nux and skin friction coefficient Cfx as stated orderly in equation (12). 

 

 
The dimensionless components of these quantities are 
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3. Solution method and results validation 

The governing equations resulted from the problem under study are highly nonlinear. It is against this 

backdrop that a numerical means has been adopted by the use of shooting technique accom panied by Runge-

Kutta-Fehlberg integration scheme is employed to obtain the needed solution to the equations. The technique 

used here has been elucidated by quite a number of researchers in the literature as simple, suitable and stable. For 

details of the numerical method, readers can check Mabood et al. [53], Fatunmbi and Okoya (2020), following 

previous authors, the parameters values for the computations in this study are H = R = fw, Ec = 0.1, α = 0.3 = δ, 

N b = 0.5, Da = 0.2, N t = 0.5, P r = 0.72, Sc = 0.6, T r = 1.2. The correctness of the results gotten in the current 

work is established by comparing the data of Nux gotten in this study with data realized from published studies 

when N t and N b take different values and ξ → ∞ with other limiting conditions. As recorded in Tables 2, the 

comparisons showed that the current study strongly correlate with the existing studies. 

 

Table 1: Computational values of Nux in comparison with published works for varying values of Nt and Nb 

 

 

Nt 

Dalir 

(2015) 

Khan & 

Pop (2010) 

Present Dalir 

(2015) 

Khan & 

Pop (2010) 

Current Dalir 

(2015) 

Nb = 0:1 Nb = 0:3  

0:1 0.95238 0.9524 0.95238 0.25213 0.2522 0.25216 0.05422 

0:3 0.52008 0.5201 0.52008 0.13549 0.1255 0.13551 0.02912 

0:5 0.32105 0.3210 0.32106 0.08328 0.0833 0.08330 0.01799 

 

4. Analysis and discussion of results 
It is noteworthy that figures 2-19 have been included in this section to elucidate the reactions of the 

emerging parameters on the profiles of velocity, temperature, concentration field including the skin frictional 

factor and the Nusselt number which correspond to heat transfer mechanism. The pattern of the velocity profile 

for variations in α and δ is demonstrated in figure 2. It is noted that a rise in α causes a shrink in the momentum 

boundary layer and as well decelerates the velocity profile due a decrease in the retardation time. However, 

figure 2 also demonstrate that an accelerating flow occurs with higher magnitudes of δ. This trend is induced due 

to the direct variation that exist between the stretching rate a and the Deborah number δ. Such a relationship 

elevates the momentum boundary structure and as such, the Jeffrey nanofluid movement is raised. These 

observations coincide with that of Dalir et al. (2015). The magnetic field impact on the fluid speed is depicted in 

figure 3. Clearly, a decelerated flow occurs with a rise in M due to the generation of Lorentz force. The Lorentz 

force is induced by the interaction that takes place between the transverse magnetic field and the electro-

conducting Jefferey nanofluid. Thus, higher M causes a stronger resistance to the fluid movement fluid as shown 

in this figure. The absence of the magnetic field M = 0 propels a higher velocity profile as illustrated in this 

figure. In this view, magnetic field can be imposed to measure the movement of the fluid. 

 

      
Fig. 2 Velocity profiles for variation in α                       Fig. 3 Velocity profiles for variation in M 
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Fig. 4 Velocity profiles for variation in α                Fig. 5 Velocity profiles for variation in M 

 

Figure 4 features the velocity distribution versus the stream distance η for escalating values of the Darcy 

number Da in the presence of the stretching term H. A shrunk hydrodynamic boundary film and velocity profiles 

is exposed by higher values of Da whereas an opposite trend manifests as H rises in strength. The Darcy number 

represents the porosity term in which there is a resistance to fluid motion by the increase in Da but the Jeffrey 

nanoliquid motion significantly accelerates when the stretching term H augments. The implication of the effect 

of α and δ on the heat distribution and nanoparticles volume concentration is exemplified in figure 5 and 6. 

There is an improvement in the temperature distribution and nanoparticles volume concentration by higher 

magnitude of α whereas the thermal/concentration field depletes with an increase in the Deborah number δ. This 

fact is in view of the escalating nature of the relaxation time but a fall in the retardation time due to higher α. 

Thus, higher magnitude of α corresponds to the dominance of relaxation time over that of retardation time and 

such a trend leads to the enhancement of thermal/concentration field. Meanwhile, a fall in the 

temperature/concentration profiles due to δ is explained by the direct relationship that exist between the 

relaxation time and δ. In view of this, higher relaxation time resulted from larger δ and consequently, there is a 

thin heat boundary layer and low temperature distribution. 

 
Fig. 6 Concentration profiles for α                     Fig. 7 Temperature profiles for M 
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Fig. 8 Temperature profiles for varying Da                  Fig. 9 Temperature profiles for varying δ 

 

Figure 7 portrays the reaction of M on the non-dimensional temperature distribution θ(η). There is 

uplifting in the thermal regime by a rise in M owing to flow resistance caused by the Lorentz force. The 

resistance to the fluid movement due to this force induces a rise in the fluid friction which leads to generation of 

additional heat and thus the Jeffrey nanoliquid temperature advances. Likewise, escalating values of Da causes 

the heat distribution to soar as exemplified in figure 8 whereas the the thermal field dampen when the stretching 

term H is present. In the meantime, suction term fw creates a thin heat boundary film structure and deplete 

temperature profile as found in figure 9. The impact of N t in the presence of the N b is illustrated in Figure 10. 

Both parameters strengthen the thermal field and induce a higher surface temperature. As found in the energy 

equation (8), both N t and N b vary directly to the dimensionless temperature θ(η) and as such, a rise in N t and N 

b corresponds to improving temperature of the Jeffrey nanoliquid. Furthermore, figure 11 explains the reaction 

of T r on the thermal region with variation in ξ is present. An increase in both quantities uplift the heat layer plus 

temperature profile. Higher values of ξ indicates a lower heat transfer resistance at the sheet surface as compared 

to that of the internal resistance, thereby there is a boost in the heat distribution when ξ increases. 

 

 
Fig. 10 Graph of temperature for N t                    Fig. 11 Profile of temperature varying T r 
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Fig. 12 Plot of Cfx for varying M & Da                       Fig. 13 Graph of Nux for values of M & Da 

 

Figures 12 and 13 respectively portray the reaction of Cfx and Nux for the combined effects of M and δ in 

the presence/absence of Darcy number Da. Observation reveals that Cfx is an increasing function of M and Da. 

The resistance offered to the motion of the Jeffrey nanoliquid by the Lorentz force raises the surface drag force 

as M increases. However, a rise in δ lowers Cfx as found in figure 12. This is based on the fact that growing 

values of δ corresponds to low viscosity of the fluid whereas the Jeffrey fluid elasticity is enhanced and as such, 

there reduction in Cfx. The exact opposite of the trends in figure 12 are found for the heat transfer mechanism Nux 

in figure 13. Higher heat transfer across the sheet surface can be derived by increasing the magnitudes of δ and 

in the absence of Da. Figure 14, 15 and 16 clearly reveal that the quantity of the heat transfer Nux diminishes 

with higher magnitudes of N b, N t and Ec whereas with a rise in P r as well as ξ, Nux significantly appreciates. 

Figure 17 depicts the impact of α and H on Cfx. A growth is found in Cfx by a rise α but the converse occurs for a 

rise in H. A rising pattern of Cfx due to α connotes that the Jeffrey nanofluid particles requires additional time to 

stabilize to a stable state and in this view the surface drag force improves. Conversely, there is a significant rise 

in Nux by boosting the values of H while heat transfer is impeded by a rise in α as portrayed in figure 18. Figure 

19 portrays the behaviour of N t on the nanoparticles concentration profile with variation of N b. A rise in N t 

augments concentration profiles whereas a depletion concentration profile is found by higher magnitudes of N b. 

 

 
Fig. 14 Plot of Nux for varying N b &Ec Fig. 15 Graph of Nux for varying P r &T r 
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Fig. 16 Profiles of Nux for various P r & ξ                Fig. 17 Plot of Cfx for variation in H & α 

 

 
Fig. 18 Plot of Nux for variation in α & H           Fig. 19 Concentration profiles for Varying N t 

 

5. Conclusion 
The dynamics of heat transfer mechanism in stagnation-point flow of hydromagnetic Jeffery nanoliquid 

along a convectively heated porous expanding sheet is investigated in this study. The formulated mathematical 

model features nonlinear thermal radiation, viscous dissipation together with ther mophoresis and Brownian 

motion effects. The remodelling of the main equations from partial to ordinary derivatives are carried out by 

means of suitable similarity quantities and subsequently solved numerically by employing shooting technique in 

conjunction with Runge-Kutta Fehlberg scheme. The consequence of the analysis compared favourably with 

existing studies under limiting conditions while various graphs are constructed to demonstrate the trend of the 

emerging physical terms on the transport regions. Conclusively, the study reveals that: 

 Heat transfer appreciates when the surface convection term ξ, Prandtl number P r, 

stretching term H and Deborah number δ improve in magnitude whereas the converse 

trend occurs with when Eckert number Ec, thermophoresis term N t, magnetic field term 

M and Brownian motion term N b escalates.  

 Surface frictional drag Cfx depreciates for higher values of Deborah number δ and 

stretching term H but an escalating nature of Cfx is found when the Darcy number Da and 

magnetic field parameter M escalates in magnitude.  

 An appreciating surface temperature is found with higher magnitudes of the magnetic 

field, thermophoresis, Brownian motion, temperature ratio parameters whereas such a 
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trend is reversed with advancing nature of the Deborah number and suction parameters 

fw.  

 A decelerating motion of the Jeffrey nanoliquid is found when the magnetic field and Darcy parameters 

rises but a higher velocity profile occurs with a rise in δ and H as the thermophoresis quantity N t 

promotes a rise in the concentration profile. 
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