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express it as an interval, with the endpoints serving as lower and upper bounds. The belief function
and plausibility function act as lower and upper bounds, respectively, for the probability function.
Consequently, investigating the properties of belief and plausibility functions becomes crucial. In this

paper, we employ a novel basic belief assignment derived from the probability mass function of a

discrete probability distribution. Our focus is on examining various properties of both the belief and

plausibility functions.
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I. INTRODUCTION

In the realm of uncertainty, every occurrence in our daily lives adheres to some known or unknown
probability distribution. Therefore, the selection of an appropriate probability distribution plays a crucial role in
decision-making. Understanding the common characteristics of all probability distributions becomes imperative.

This paper introduces a novel transformation that converts a probability mass function into a basic belief
assignment. We explore this new transformation along with other functions related to belief functions.
Additionally, we present a summary of the properties of this transformation that can identify its true nature.

The structure of the paper unfolds as follows: initially, in section 2 we provide an overview of the
fundamentals of discrete belief functions and probability functions. Section 3 delves into the properties of the
new transformation, while Section 4 deduces properties concerning belief and plausibility functions. Finally, we
conclude our research paper and include a list of references. In this manner, we comprehensively cover the
preliminaries of discrete belief functions and probability functions.

I1. PRELIMINARIES
Frame of Discernment: Dictionary meaning of Frame of Discernment is frame of good judgment insight. The
word discern means recognize or find out or hear with difficulty. From Shafer‘s book [6], if frame of
discernment @ is
0= {91; 92!"' ’ gn}

then every element of @ is a proposition. The propositions of interest are in one -to -one correspondence with
the subsets of@. The set of all propositions of interest corresponds to the set of all subsets of®, denoted by 2°.

If @ is frame of discernment, then a function m:2® — [0,1] is called basic probability assignment
whenever m(¢) = 0 and Y, m(A) = 1. The quantity m(A4) is called A’'sbasic probability number and it is
a measure of the belief committed exactly to A.The total belief committed to A is sum of m(B), for all proper
subsets B of A. A function Bel:2° — [0,1] is called belief function over @if it satisfies Bel(A) =
Ypcam(B)[2, 3]. If @is a frame of discernment, then a function Bel: 2° — [0, 1]is belief function if and only if
it satisfies following conditions

1. Bel(¢) =0.
2. Bel(0) =1.
3. For every positive integer n and every collection 44, 4,, --+, A,, of subsets of @
Bel(A; U A, U-UA,) > Z (—1)'1I+1Bez(ﬂ A) M

1c{1,2,+,n} i€l
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A subset of a frame @is called a focal element of a belief function Bel over ®if m(A) > 0. The union of
all the focal elements of a belief function is called its core.The quantity Q(A) = Y 4cppcem(B) is called
commonality number for A which measures the total probability mass that can move freely to every point of A.
A function Q:2° - [0,1] is called commonality function for Bel. Also Bel(A) = ¥z Q(A4) and Q(A) =
Ypca(=1)FIBel(B) forall A c ©.

Degree of doubt:
Dou(4) = Bel(Z) or Bel(A) =1 — Dou(Z) and PI(A) =1 — Dou(4) = Z m(B) @)
ANB#¢

which expresses the extent to which one finds A credible or plausible [6]. We have relation between belief
function, probability mass (or density) function and plausibility function isBel(4) < p(A) < PI(A),VAc @
[2, 3, 7]. A function P :® — [0,1] [1] is called probability function if

1. VAcCO,0<p(d)<1.

2. p(@)=1.

A set function u[1] on a frame of discernment @is a measure if, it satisfies the following three conditions:
1. u(A) €0,x],VAEO.
2. u(p=0).
3. Additive property:
Forall collections Ay, Ay, -+, 4,

u(OAi>= > (—1>'A'+1u<ﬁAi) ©)
i=1

i=1 1€1,2,n, ] #¢
The measure is finite or infinite if, u(®) < cor u(®) = co. It is probability measure if u(0@) =1 [1].

From Shafer‘s book [6], we have Bayesian belief function defined as: If @is frame of discernment then a
function Bel: 2® — [0, 1] is called Bayesian belief function if

1. Bel(¢) =0,

2. Bel(0) =1,

3. Bel(AU B) = Bel(A) + Bel(B) whenever A,B € ®and AN B = ¢.
Suppose Bel: 2° — [0, 1] is belief function. Then following statements are equivalent:
Bel is Bayesian.
All of Bel's focal elements are singletons.
Bel awards a zero commonality number to any subset containing more than one element.

Bel(A) = 1 — Bel(A) forall A c 0.

N

I1l. ANEW BASICBELIEF ASSIGNMENT INDUCED BY PROBABILITY MASS FUNCTION
In this section, we apply a novel basic belief assignment derived from the probability mass function of a
discrete probability distribution, along with findings [5] that are substantiated by theorems and results outlined
in the work of Hall and Knight[4].
When © > 1 then we observe that sum of probabilities of all subsets is not equal to 1. But if we find a
generalized formula about repeation of singleton set of @in all subsets of ®. We have following result as:
Theorem 3.1 If |®| = n then every element in frame of discernment @is repeated exactly 2"~' number
of times and sum of probabilities of all subsets of @is 2”1,
Remark 1If |®@| = n then by counting principle }.g,ce p(6;) = Xi=1 p()).

Now consider,
Y e =2 p0)

ACO ACO 6;€4
Then,
21 =" ()
ACO 0;€A
That is,
D, D p) =2 @
ACO §,€A
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Remark 2Also, we observe that if @ = n then any {6,} € @ is repeated 2"! times i.e. {6, }appears 2" !
times in subsets of ©. Therefore the probability corresponding to {6,} € © is added 2" 'times. Also, if |®] = n
then ¥ ,ce p(A) = 2", Hence in order to get ¥ 4. P(4A) = 1, we have to divide each probability entry by a
guantity 21,

Therefore

m({6;}) = %,Vei €0 (®)

Remark 3Now, let A = {{6,},{6,},---,{6,}} € O. In discrete space, since singletons are disjoint hence
the intersection of any number of singleton subsets of @is always empty set. Therefore

p({6:}u {6} u---u{6,})
p({6:}) + p({6:) + -+ p({6, D)
2" Im(4)

p(4)

where,

m@) = )" m((6y

{63}eA
Therefore, we get
p(4)
m(4) = =, VAC @ (6)
Now, we check some properties which are satisfied by this new transformation:
Theorem 3.2 The function m: 2° - [0, 1] defined by (6), m(4) = ;’:—2 is a basic probability assignment.
By using above bba (6), we have m(4) = ;’,ff)l the belief function Bel: 2® — [0, 1] becomes

Bel(A) = z m(B)

BcA (B)
p
= zn—l (7)
i i BcA .

Here, we give some deductions of some theorems from Shafer‘s book [6] by using (6).

Theorem 3.3 The belief function Bel: 2® — [0, 1] defined by (6), Bel(A) = Ygca ;’,f—l_?satisfies,

1. Bel(¢) =0.

2. Bel(©) = 1.

3. Super-additive Property :
For collection A1, 4;, -+, A,,

n n
Bel (U Al-) > Z (—1)!*1Bel (ﬂ Al-)
i=1 [c1,2, - l%¢ i=1

p(4)
on—1!

for any subset A € O, is a non-

decreasing function. Also The belief function defined by basic probability assignment (6),m(4) = ;’n(ﬂ for any

subset A € @, is a non-decreasing function. Bel(®) =1, Bel(¢p) =0 and if A=0, A#¢pie. ¢ cAcO,
then 0 < Bel(4) < 1.Inall, 0 < Bel(4) < 1,V A € O. The belief function defined by basic belief assignment

(6), m(4) = P@ for any subset A € @, is a probability measure.

on—1?

The basic probability assignment function defined by (6), m(4) =

Notes :
1. If A= 0thenp(4) = 1.
Therefore

1
Q) = 55 ) p(B) = m(®),
2. IfA=¢thenp(4) = 0. o=
Therefore
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1
Q) = 55 ) p(B) = 1.
3. fA# 04 % ¢i.e.p SAC O, then o=
1
Q) =55 > > p(bY
B2A {b}eB
Inall,

<Q)<1vAco.

on—1 —

Theorem 3.4 A belief function Bel: 2° — [0, 1] obtained by bba (6),m(4) =

function.
Plausibility Function :By (6), we have, for any A € 0,

™ s not Bayesian belief
zn

Py = ), m®)
BNA#¢
1
= o1 Z z p({b}) 8)
BnA+¢ {b}€B

Notes :

1. IfA=0thenp(4) =1.

Therefore,

1
PIA) =5 Y p(B) =1
ANB#¢p
2. IfA=¢thenp(4d) = 0.
Therefore,
1
PIA) = Z p(B) =0
ANB#¢

3. fA#=0,A+¢ie ¢ cAca0,then
Pl(¢) < PL(A) =

S Y. . p{bY) < PU(®)
AnB+¢ {b}EB
= 0<Pl(A) < 1.
Inall, 0 < PI(A) <1,VACO.

IV. SOME RESULTS ABOUT CALCULATING BELIEF FUNCTIONS, COMMONALITY
FUNCTIONS AND PLAUSIBILITY FUNCTIONS

Theorem 4.1 If |®@] =n, 0 <r < n then the no. of subsets of ® containing given r elements of © are

2" 77 i.e. if|@] =nand A € O with |A| = r then number of subsets containing A in © are 2" .

Proof. We have result : Any singleton set in ® with |®| = n is repeated 2"~! times in listing of all
subsets of ©.
This result is also true if we replace singleton sets by disjoint subsets of ©.

Let® = {al' az, an}l A= {al' az, =, ar} and @ = {A = {a1; az, =, ar}' A1 Qry1s " an}-

Hence |@| =n—r+ 1.

The set A = {a;,ay, -+, a,} in Owith |@] =n —r + 1, is repeated 2 "*+D=1 = 27Ttimes in listing of
all subsets of ®. Hence A is also repeated 2™~ times in listing of all subsets ©.

Theorem 4.2 If |®] = n and for given A < @ with |A| = r, then number of subsets B of @such that
ANB+#¢are2" 7 (2" - 1).

Proof. We have |4| = r and |A| = n—r.

Subset B with A N B # ¢ can be formed in following different ways as

WIC )+ O )+ -+ Gl
@I )+ )+ Gl
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I )+ )+ Gl

I+ 1)+ G
=)+ G-+ QI )+ 1)+ G

= [2" = 1][2"] )

Therefore, if |®@] =n and for given A € @ with |A| = r, then number of subsets B of @ such that
ANB#¢are2" 7 (2" - 1).
Here we use the result that singletons in discrete space, are disjoint and therefore for any subsets A and
B of ©,P(AUB) = p(A) + p(B).
Theorem 4.3 For all A c 0,
Bel(A) =
where n = @] and k = |A]|.
Proof. Let n = |@®| and k = |A|, for some A c ©. Without loss of generality, we assume that A =
{A1, Az, AL}, where A;,j=1,2,-,k are singlton sets. Let p(4)=s, j=12,,k and p(A) =

) k ;
Yio1p(4) = Xi_y 5. Therefore by (6), m(4;) = 2;—’_1 and m(4) = Zf;’iﬁ“’)
Then

Bel(4) _ 2 m(B)

{z p(B)}

BCA

A 2k—-1)
P ana Pica) = pay + 22 (a) 10)

1
2n—1

{si1+s;++sptsi+S,+s51+S3++5+5 +5;+53+S;+5,+
+s;+sc+ s ts et sp s+ + 5
p(Aj)

AjEA

= on-1

1
211—1

1
= 211—1

{2571 (sy + 5 4 s}

1

_p()
- on—k
Also,
PL(A) =1 - Bel(A)
p(4)

=1- n—(n—k)

_2"-p(4)
-2ord)
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2 (p() - p(4)) - p(A)
- e
(2F - 1)

=p(4) + p(4)

Notes :

1. By above theorem, we have Bel(A) < p(A) < PI(A),VA c O.

2. If Bel is a Bayesian belief function then the function p is given by p(8) = 2" 'm(8).
Theorem 4.4 Forany A c © with |@] =n,|A| =r then

o =2 Y pia) 5 Y. p({a) (11)
{a}eA {a}eA
Proof. We have result: If |@] = n and A € 0 with |A| = r then number of subsets containing A € O are
2™77 . Hence subset A is repeated 2"~ times in calculation of commonality of A. Therefore any element in A is
repeated 2™~ times in calculation of commonality of A.
The element {a} & A also have contribution in calculation of commonality of A. Such element {a} ¢ A is

repeated 2"~ times in listing of super sets of {a} in 4, for calculation of commonality of A. By definition of

commonality,
QA =N mp
p(4)
- on—1
BQlA
=o' Y pap+ 2T Y p((a)]
{a}eA2B {a}¢A{a}eB
1
= [zn-fzp({a}nzn-r-l > p({a})l
{a}eA {a}eA{a}eB
=27 Y pap+27 Y plia)
1 {a}eA 1 {a}eA{a}eB
=z ) pap+5 > pda)
{a}eA {a}eA{a}eB

By using theorems 4.1 and 4.2, we have alternate proof of part of theorem 4.3.
Theorem 4.5 For any subset A of @with |@] = nand |A| = r,

1 2r -1 —
P = ) plap+ ) (1-5)p(apie.Pi(4) =p<A)+( = )p(A) (12
{a}€A {a}¢A

Proof. In general, observing carefully, we notice that number of repetitions of element of @ for
plausibility is as follows:

Let [A] =7 and |®] = n if {a} € A then {a} appears 2"~! times and if {a} & A then {a}
appears 2" 2 + 2773 4274 4.4 270D times, hence 27~U+D (2" —1) times. Therefore
formula for plausibility function becomes

Pl(A) _ Z m(B)

ANB#¢
= pn-1 pz(iaz) + 21— (r+1)(2r 1) pz(ic—?)
{a}eA {a}eA
= > pdap+27@ -1 ) p{ad

{a}eA {a}eA
= > pay +(1-5) Y ptad
{a}eA {a}gA

= o)+ (1- 5 ) p@)
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V. CONCLUSION
In this paper, we employ a novel basic belief assignment derived from the probability mass function of
a discrete probability distribution. Through this approach, we explore various theorems related to belief and
plausibility functions.
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