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Abstract: In this paper, we consider the bilinear optimal control problem for wave equation with multiplicative
control and random noise. Optimal control problems for infinite dimensional stochastic equations had been
studied by many researchers. Most of the researchers had considered the Hamilton-Jacobi-Bellman(HJB)
approach and obtained the optimal feedback laws using associated HIB equation on a Hilbert space. In present

work, we do not use HIB approach. Also, Riccati equation framework is not suitable for this problem due to
nonlinear nature introduced by multiplicative controls. We first prove the the existence of weak solution of wave
equation equation with random noise. Then, we prove the existence of optimal control and give the
characterization in the form of optimality system.
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I. INTRODUCTION

Many physical problems including elasticity problem are modeled by using wave equations. Hence,
controllability of wave equations is an important issue in control theory. The controllability of deterministic
equations is addressed by many researchers. When we model a physical state, external random noise becomes a
serious disturbance. This affects the controllability of the system. Thus it is an important issue in control theory
to address the controllability of systems with random noise.

In this paper, we will consider the bilinear optimal control problem for stochastic wave equation with
multiplicative controls. Optimal control problems for infinite dimensional stochastic equations had been studied
by Barbu and Da Prato[1], Cannarsa and Da Prato[2, 3], Gozzi[4, 5]. In these papers, authors consider the
Hamilton-Jacobi-Bellman(HJB) approach and obtain the optimal feedback law using associated HIJB equation
on a Hilbert space. In most of the papers backward stochastic differential equations (BSDESs) are applied to
solve stochastic optimal control problems. For example, see [6, 7, 8] and references therein. The maximum
principle had been used in some of these papers to find necessary/sufficient conditions for optimality of
stochastic partial differential(SPDESs). In present work, we do not use HIB approach. Also, Riccati equation
framework is not suitable for this problem due to nonlinear nature introduced by multiplicative control. The
paper is organized as follows. In section 2, we state preliminaries and formulate the optimal control problem.
We will prove the existence and uniqueness of weak solution to the stochastic wave equation in section 3.
Existence of an optimal control is proved in section 4. Also, the characterization of an optimal control through
the optimality system is given.

Il. PRELIMINARIES
We consider the linear stochastic wave equation defined by

Ve =Dy +uy+f+ YN (g +J§-y)%, inD x (0,7),
y(x,t) =0, ondD X [0,T], o))
(v (x,0),y:(x,0)) = ¢o (%), X €D,
where D is a bounded subset in R™ with smooth boundary aD. {W; (t)}j-":1 is a set of mutually independent
standard Brownian motions over a given stochastic basis {Q,F, F,, P}, where {F,} is a filtration over the o-
algebra F and PP is probability measure on Q. The multiplicative control u is a bounded random function such
that u(t) is an L*(D)-valued predictable process over {Q,F, F,, P}, and u € L (Q, F,; L (D % (0,T))). If X is
a Banach space and X is a o-algebra over Q, then L?(€Q,%; X) denotes the set of all X-valued X-measurable
functions £ with E(ll f 11%) < oo. If we have £ = F, we simply write it as L? (Q; X). For separable Hilbert space
X, X-valued stochastic integrals can be expressed in terms of a complete orthonormal basis for X.
For each j = 1,--, N, assume that g; is an L?(D)-valued predictable process and f; is an L* (D)-valued
predictable process such that
g; € L2(Q; L*(D x (0,T))) )
and for some nonnegative constant b;,
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Ifi (w,x,t)| < by, (3)
forall (x,t) € D x [0, T], for almost all w € Q.
Let

x = H}(D) x L>(D).

Definition 2.1A stochastic process y is said to be a weak solution of (1) if

1. ((t),y:(t)) is y-valued andF, measurable for each t € [0, T],

2.y € L2 C([0,T]; 1)),

3. (¥(0),y:(0)) = ¢o,
and

V(0,0 = (3:(0),0) = [; (Vy(s), Vw)ds + [ (w(s)y(s) + f(5), v)ds
+ 201 (9 (8) + £ ($)y (), v)dW (s)
holds for all t € [0,T] and all v € H (D), for almost all w € Q. Here (-,-) denotes the inner product in L? (D).
We consider the optimization problem

Ja) =E (35 [, Iy — zIPdgat + £ [ [, jul?dgat) 5)
constrained by the stochastic wave equation (1). z in (5) is a desired target solution and g is a positive constant.
Our aim is to minimize the the functional J over the set U of all admissible controls defined by

U= {WeL”(QF;L"(Dx[0,T])):3 y € L*(Q; C([0,T]; Hy(D)))
corresponding to u satisfying (1) and J(y, u) < oo}.
We state the following lemma from [9], which is used to prove the existence and uniqueness of weak
solution to the system (1).
Lemma 2.1 ([9])For each j = 1,---, N, let {h, }]’-"=1 be a set of random functions such that h; is an L*(D)-valued
predictable process and h; € L>(Q; L2(D x (0,T))). Let 0 <T < oo, L?(D)-valued predictable process f €
L?(Q; L>(D x (0,T))), and ¢y € L?(Q, Fy; x) be given. Then there exists a weak solution to the system

aw; .
yu =8y +f+E h—L, inDx(0,T),
y=0, on aD x [0,T] (6)
(y(xl 0)1 }’t (x) 0)) = ¢0(x): X € D.

(4)

Moreover, this solution is pathwise unique, and

1E< sup (11 y5(s) 122y +11 V¥ (s) ||fz(m)>

s€[0,t]

< CE (5 1 £(5) N2y ds) + CE (Il 7 (0) 122 ) +1 V¥(0) Iz %
. 1/2\ 2 .
+C( - (IE (fo Il by () W72 py ds)) ) +Cyy, IE(fO Il by (s) ”22(0))-

1Hl. WEAK SOLUTION: EXISTENCE AND UNIQUENESS

In this section we will prove the existence and uniqueness of the weak solution to the system (1).
Theorem 3.1 Let 0 < T < oo, ¢y € L2(Q, Fy; x), an L” (D)-valued predictable process u € L (Q, F,; L” (D X
(0,7))) and an L?(D)-valued predictable process f € L2(Q; L>(D x (0,T))) be given. Also, for each j =
1,-+,N, f;, g; are given as in (2) and (3). Then there exist a weak solution to (1), Moreover, this solution is
pathwise unique.
Proof. Existence:
Let us write

(), ¥ (®) = po = (95, $8) € L*(Q, Fy; ) forall ¢ € [0, T] ®)
and let y™, m = 1,2, --- be the solution of
aw; .
Vi = Ay +uy™ 4+ f+ X (g + fiy"TH—L, inDx(0,T),
y=0, ondD x [0,T], ©)
(¥(0),y:(0)) = .

As ¢, is x-valued Fy-measurable, u¢pg is L*(D)-valued and Fy-measurable. Moreover, each g; + f; ¢ is
an L2 (D)-valued predictable process, and

Ig; + f06 lizuzoxomn= & + VT 1 65 2,200y, (10)
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where d; =1l g; ll;20.12pxcoryy- I O™y ™) € L*(Q; C([0,TT; x)) is adapted to {F,}, uy™ " is an L*(D)-
valued predictable process. Also, each g; + }j-ym‘l is an L2 (D)-valued predictable process and

g + 6" lzzoxomy< & + b 1Y 2@z oxor) (11)
Therefore, we can apply Lemma 2.1. By using Poincare’’s inequality along with (3), (7) and
boundedness of u, we have

+1 _ 2 +1 _ 2
E(;}t‘i](” V() = Y () W2y +1 VY™ (s) — Vy™ (5) uLz(D))>

_ 12
< G ([} 19Y"(5) = Wy (5) gy, ds) -
+CrE (fy 137 () = 3 (5) 22y ds)
For all t € [0, T], where C; is a positive constant independent of m. Let define

P () = B ( sup (11 37"+1(s) = 3 (5) 2y +I VY™ ¥1(5) = Ty (s) uiz(p))>

s€[0,t]
Foreachm = 1,2, ---.
Then, from (12), we derive

d, () <C fot ®,,_,(s)ds forallt € [0,T]andallm > 1, (13)
whereC is a positive constant. By (7) and (10), we can find some positive constant K such that

D, (t) <K forallt € [0,T]. (14)
From (13) and (14), it follows that

®,,(t) < forallt € [0,T]. (15)
Thus,

Lm=1 P (T) < oo (16)

So, {(y™, ™)}, is a Cauchy sequence in L2(Q; C([0,T]; x)), and hence convergent. The limit of this
sequence is a solution of (1).
Uniqueness:

Let y; and y, be two solutions of (1). For i = 1,2, define k; = uy; and h;; = f;y;, for j =1,---,N. Let
us treat k;’s and h;;’s as given functions. Then by Lemma 2.1, there exists unique solution ¥; to the following
linear problem

aw;
Vi =Ay +ki+ f+ X5 (g +hi)—L inDx(0,T),

y=0, ondD x [0,T], 17)
(¥(0),¥:(0)) = ¢o.

Moreover,
Yo=y, i=12, (18)

and, forall t € [0,T]

IE( st] (II 0, W1 (s) — 3, ¥, (s) "22(1)) +1l VW (s) — VW, (s) "i%u)))
s€[0,t

2

<cC (z}vzl (IE (fy Wh1i(9) = hay (5) gy ds))5> 9

¢ 2
+CE ( Jy Wka(s) = ka(s) 2y ds)
+CTI E fy 1 hyj(s) = By (s) W2y ds

Thus, by (3), Poincare”’s inequality, and (19), we have

E ( sup (1 9,y1(5) = 0,2(5) Wz py +1 Vy1(5) = ¥, (s) niz(D))>

s€[0,t]

(20)

< CrE (J; (I10:31(5) = 9:v2(5) 12y +1 ¥y1(5) = Vy2(5) U2y ) s
forall t € [0,T].
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Applying Gronwall inequality, we have y; = y, for almost all w € Q.

Following lemma gives the priori estimates to the solution of system (1).
Lemma3.l Let0 < T < oo, ¢y € L?(Q, Fy; x), an L™ (D)-valued predictable process u € L* (Q, F,; L” (D X
(0,7))) and an L?(D)-valued predictable process f € L2(Q; L*(D x (0,T))) be given. Also, for each j =
1,-+,N, g;, f; are given as in (2) and (3). Then the weak solution y to (1) satisfies the following inequality

2 2
Esup (I Iy, +1 e Wzp)) < Cr (21)

for some constant Cr > 0.
Proof. Proof is similar to the proof of Lemma 2.3 in [9]

1IV. OPTIMAL CONTROL AND OPTIMALITY SYSTEM
Theorem 4.1There exists an optimal control & € U which minimizes the cost functional (5).
Proof. Let {u"} € L”(Q, F,; L” (D % (0,T))) be the minimizing sequence such that
limJ(u™) = ig&](u).
Denote y™ = y(u™). By Lemma 3.1, we have

Esup (I y™ lyipy I ye N2 < Cy.
OSth( Yo Wud ) Ve L(D)) T

As, this is a bounded sequence in a Banach space, there exists a convergent subsequence of {u"}, again
denoted by {u"} (for simplicity) converging to u* € L™ (Q, F,; L” (D % (0,T))).
Hence, by weak compactness, there exists y* € C(Q X [0, T]; Hi (D)) such that
y* - y* weaklyin L*(Q X [0,T]; H} (D)),
y* >y, weaklyin L*(Q x [0,T]; L*(D)),
u® > u*  weaklyin L?(Q x D X [0,T]).
By using compactness results from [10], we have y™ — y* in L”(Q X [0,T]; L>(D)) and by weak
formulation, we have
Vv = OF(0),v) = [y (VY™ Vvdds + [§ (u"y™ + f,v)ds + By [y (g + fiy", v)dW;.
forany v € H () and a.e. 0 < t < T for almost. Also, as
y* - y* stronglyin L2(Q x D x (0,T)),
u" > u*  weaklyin L>(Q x D x (0,T)),
we have
y"u® - y*u* weaklyin L2(Q X D x (0,T)).
So, passing to the limit as n — oo in the weak formulation, we have
Vi, v) = Y (0),v) =[5 (Vy*, Vv)ds + [; (w'y* + f,v)ds + Z0Ly [ (g + fy", v)dW,.
Thus y* = y(u”) is the solution of system (1) with control u*. Since
J@) < limj ™)
= nfJ .
This implies that h* is an optimal control.
To obtain the optimality system, we require the adjoint problem of the stochastic wave problem (1). In
general, we want to find a function ®: Q x D x [0, T] = R with

Ef] [ |0 6)[2dédt < oo

such that
Efy [, ®[ne —an—un -3y fn"]dxdt =EJ; f, (v — 2)ndxd. (22)
For all n: Q@ x D x [0,T] = R and all admissible controls u € U, where y is the weak solution of the
stochastic wave problem (1) and z € L2(Q; C ([0, T]; Hi (D))) is desired profile given in (5).
The solution ®(¢,t) of equation (22) is called the generalized solution of the adjoint problem of the
stochastic wave problem (1), where the adjoint equation is

Oy = A +ud + (v —2) + Ty ffOSL, inD x (0,7), (23)
with the terminal and Dirichlet boundary conditions
O, T)=d,(x,T) =0, V x€D,

®(x, 1) =0, V (x,t) € D x [0,T]. (24)
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The existence and uniqueness of the unique generalized solution to the adjoint problem follows from the
Theorem 3.1. Furthermore, for the generalized solution ®(x,t) of the adjoint problem, there exists a positive
constant Cy such that

2 2
Esup (I @ I ) +1 @ Uzgpy) < Cr. (25)
By y,, we will mean a solution y of (1) corresponding to the arbitrary control u. Let u be an admissible

control and € > 0 be sufficiently small such that u + €l is also an admissible control. Let &y denotes the
difference between y, . and y,, that is, 8y = v, 1 — Yu-

Lemma 4.15y is the weak solution of the initial and boundary value problem

2 .
28y = Ay + (u+ eD)8y +ely, + T)oy f8y=L, inDx (0,T),
8y(x,0) = 8y,(x,0) = 0, V x €D, (26)
6y(x,t) =0, vV (x,t) €D x [0,T].

Proof. By taking two solutions of this kind and taking their difference we get the system (26).
Theorem 4.2The Gateaux derivative of the objective functional (5) is represented by

T
S =E [ [, l(Bu+ Py,) (27)
for all admissible controls [ € U.
Proof. We have

Jau+e) =) =E(f) [, Ousa —2?dxdt) + E(Sf] [, @+ el)2dxat)
—E (%for Sy Ou = z)zdxdt) —E (gfoT IS uzdxdt),
Which simplifies to
Ja+e)=J@) =E(3Jy f, 0Ouse + v — 22)dxdt)

(28)
+E (§ [ J, uel + ezlz)dxdt).
Replacing n by 8y in (22) gives
T dw
Efy [, @[y, — A6y —usy — T, £,y =] dxdt = 29
T
Ef, J, v —2)8ydxdt.
Multiplying (26) with @, integrating over D X [0, T] and taking expectation, we obtain
dw;
Ef) [ ® [—5yn + A8y + (u+ DSy + Xy f8y d—tf] dxdt = )
T
—E [, J, Pely,dxdt.
Adding (29) and (30), we have
E[ [, ®eldydxdt =E [ [ (v—2)8ydxdt —E [ [ dely,dxdt.
Thus
Efy J, - 2)8ydxdt = E ([ [ [Pel6y + dely,]dxdt).
Hence
Ef [ lim(y - 2)2 dxdt = limE fy Jy @ =2)Zdxdt =E [ [, ®ly,dxdt.
Now,
) = lim DI
. 1 (T ¢ 8Y(Vutel +Yu—22 T
= limE (E fy f, 2L gqe 4 £ T [ 2ul + elz)dxdt)
T . ) T
=£(f; J, lim 2 (y - z)dfdt) +EJf) [ Buldxdt.
So,
§J)() =EJ, [ ly,®dxdt +Ef, [ fuldxdt a
=Ef) [ l(y,® + Bu)dxdc.
Hence, the necessary optimality condition
E(Bu + ®y,) =0 (32)

can be formulated.
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By standard control argument, from inequality (32) we get

pu+ dy, =0 P—a.s. (33)
The stochastic wave equation (1), adjoint problem (23), (24) and equality (33), forms the optimality
system(OS).
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