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Abstract: Let G be a connected simple graph. A set S € V(G) is a restrained dominating set if every vertex not
in S is adjacent to a vertex in S and to a vertex in V(G) \ S. A set S of vertices of a graph G is an

outer-restrained dominating set if every vertex not in S is adjacent to some vertex in S and V(G) \ S is a
restrained set. The outer-restrained domination number of G, denoted byy; (G) is the minimum cardinality of an

outer-restrained dominating set of G. An outer-restrained set of cardinality v, (G)will be called ¥, - set. In this
paper, we initiate a study of the concept and give the characterization of the outer-restrained dominating set in
the join and corona of two graphs.
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I. INTRODUCTION

Let G be a connected simple graph. A set S of vertices of G is a dominating set of G if every vertex in
V(G)\ S is adjacent to some vertex in S. A minimum dominating set in a graph G is a dominating set of
minimum cardinality. The cardinality of a minimum dominating set in G is called the domination number of G
and is denoted by y(G). The concept of domination in graphs introduced by Claude Bergein 1958 and
Oystein Orein 1962 [1] is currently receiving much attention in literature. Following the article of Ernie
Cockayne and Stephen Hedetniemi [2], the domination in graphs became an area of study by many
researchers [3, 4,5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17].

Other type of domination parameter is the restrained domination numberin a graph.Arestrained
dominating set is defined to be a set S < V(G)where everyvertex in V(G) \ S is adjacent to a vertex in Sand
to another vertex in V(G) \ S. The restrained domination number of G, denoted by y,.(G), is the smallest
cardinality of a restrained dominating set of G. This was introduced by Telle and Proskurowski [18] indirectly as
a vertex partitioning problem. Note that S = V(G) is restrained dominating set and the decision problem for
¥, (G) is an NP-complete [19]. Some studies on restrained domination in graphs can be found in [20, 21, 22, 29,
24, 25,26, 27, 28, 29, 30].

A graph G is connected if there is at least one path that connects every two vertices x ,y € V(G),
otherwise, G is disconnected. A set S of vertices of a graph G is an outer-connected dominating set if every
vertex not in S is adjacent to some vertex in S and the sub-graph induced by V(G) \ S is connected. The outer-
connected domination numbery,(G) is the minimum cardinality of the outer-connected dominating set S of a
graph G. The concept of outer-connected domination in graphs was introduced by Cyman [31]. Variant of outer-
connected domination in graphs can be found in [32, 33, 34, 35].

A graph G is a pair V(G), E(G), where V(G) is a nonempty finite set whose elements are called vertices
and E(G) is a set of unordered pairs of distinct elements of V(G). The elements of E(G) are called edges of the
graph G. The number of vertices in G is called the order of G and the number of edges is called the size of G.
For more graph-theoretical concepts, the readers may refer [36].

Motivated by the concepts of restrained domination, and outer-connected domination in graphs, the
researchers introduced a new variant of domination in graphs, the outer-restrained domination in graphs. A set S
of vertices of a graph G is an outer-restrained dominating set if every vertex not in S is adjacent to some vertex
in Sand V(G) \ S is a restrained set. The outer-restrained domination number of G, denoted by 7, (G)is the
minimum cardinality of an outer-restrained dominating set of G. An outer-restrained set of cardinality ;. (G)will
be called 7;-set. In this paper, we initiate a study of the concept and give the characterization of the outer-
restrained dominating set in the join and corona of two graphs.
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Il. RESULTS
The graphs G considered here are simple, finite, nontrivial, undirected and without isolated vertices.

Definition 2.1A set S of vertices of a graph G is an outer-restrained dominating set if every vertex not in S is
adjacent to some vertex in S and V(G) \ S is a restrained set. The outer-restrained domination number of G,
denoted by ;. (G) is the minimum cardinality of an outer-restrained dominating set of G. An outer-restrained set
of cardinalityy; (G)will be called y;.-set.

Definition 2.2 The join G + Hof two graphs G and H is the graph with vertex setV(G + H) = V(G) U
V(H)and edge-setE(G + H) = E(G) UE(H) U{uv:ueV(G),veV(H)}.

Remark 2.3Let G and H be nontrivial connected graphs. Then
7.(G+H) #1.

Lemma 2.4Let G and H be nontrivial connected graphs. If S is a dominating set of G and for
everyv e Sthere exists anotherv € Ssuch thatvv € E(G), then a nonemptyS < V(G + H)is an outer-
restrained dominating set ofG + H.

Proof: If S is a dominating set of G, then S is a dominating set of (G + H). Thus, every vertex u € V(G + H)\S,
there exists v e S such that uv € E(G + H). Furthermore, for every ve S =V (G + H)(V(G + H)\S), there
exists another v' € S = V(G + H)\(V(G + H)\S) such thatvv' € E(G + H). This implies that for every
u € V(G + H)\S, there existsv € V(G + H)\V(G + H)\S) such that uv € E(G + H), and there exists another
v € V(G + H)\V(G + H)\S) such that vv' € V(G + H), that is, V(G + H)\S is a restrained set. Thus, for
every vertex not in S is adjacent to some vertex in S and V(G + H)\S is a restrained set. By Definition 2.1, a
nonempty set S < V(G + H) is an outer-restrained dominating gt of G + H.

Lemma 2.5 Let G and H be a nontrivial connected graphs. If S is a dominating set of H and for every v e S,
there exists another v € § such that vv € E(H),then a nonempty S € V(G + H) is an outer-restrained
dominating set of G + H.

Proof: Suppose S is a dominating set of H and for every v e S, there exists another v' € S such thatvv' € E(H).
This proof is similar to the proof of Lemma 2.4. o

Lemma 2.6Let G and H be a nontrivial connected graphs. If S = S; U S, whereS; € V(G) and Sy € V(H),
then a nonempty S € V(G + H) is an outer-restrained dominating set of G + H.

Proof: Suppose that S = S; U Sy where S; € V(G) and Sy < V(H).
Consider the following cases.

Case 1. IfS; = V;and Sy = V(H),then S = V(G + H) is a dominating setand V(G + H)\S is a restrained set
(vacuously satisfy the desired property). Hence, a nonempty S € V(G + H) is an outer-restrained dominating
setof G + H.

Case 2. If S; =V(G)and Sy # V(H), then S =V (G) U Sy is a dominating set of G + H and V(G + H)\S =
V(H)\Sy is a restrained set because every v not in V(H)\Sy , there exists u e V(H)\Sy such that vu € E(G +
H) and there exists another v' not in V(H)\Sy such that vv' € E(G + H). Hence, a nonempty S € V(G + H) is
an outer-restrained dominating set of G + H.

Case 3.If S; #= V(G) and Sy = V(H), then S =S; U V(H) is dominating set of G + H and V(G + H)\S =
V(G)\S; is arestrained set because every v not in V(G)\S;, there exists u € V(G)\S; such that vu € E(G + H)
and there exists another v’ not in V(G)\S; such that vv' € E(G + H). Hence, a nonempty S € V(G + H) is an
outer-restrained dominating set of G + H.

Case 4. If S; # V(G) and Sy # V(H), then S =S; U Sy is dominating set of G + H and V(G + H)\S =
(V(G)\S;) U (V(H)\Sy) is restrained set because every v not in V(G + H)\S, there exists u e V(G + H) \
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Ssuch that vu € E(G + H)and there exists another v not in V(G + H)\S such that vv € E(G + H). Hence, a
nonempty S € V(G + H) is an outer-restrained dominating setof G + H.m

The following result is the characterization of an outer-restrained dominating set in the join of two graphs.

Theorem 2.7Let G and H be a nontrivial connected graphs. Then a nonempty S € V(G + H)is an outer-
restrained dominating set of G + H if and only if one of the following is satisfied:
i S is a dominating set of G and for every v €S, there exists another v' €S such thatvv' € E(G).
ii. SisadominatingsetofHandforeveryv €S thereexistsanotherv’ € S suchthatvy’ € E(H).
iii. S=S5; U SywhereS; € V(G)andSy < V(H).

Proof: Suppose that a nonempty S < V(G + H)is an outer-restrained dominating set of G + H. Then every
vertex not in S is adjacent to some vertex in S and V(G + H)\Sis a restrained set.

Case 1. If SNV(G) = ¢, then S < V(G). This implies that S is a dominating set of G (since S is a dominating
set of G + H) and V(G)\S is a restrained set. Thus every v € V(G)\(V(G)\S) = S there exists u € V(G)\S
such that vu € E(G)and another vertex in v' € V(G)\(V(G)\S) = S such that vv' € E(G). This shows
statement (i).

Case 2.1f SNV (G) = ¢, then S < V(H). This implies thatS is a dominating set of H (since S is dominating set
of G + H) and V(H)\S is a restrained set. Thus every v € V(H)\(V(H)\S) = S, there exists u € V(H)\S such
that vu € E(H)and another vertex in v’ € V(H)\(V(H)\S) = S such that vv' € E(H). This shows
statement (ii).

Case 3. IfSNV(G) # pand SNV (H) # ¢, thenletS; = SNV (G)andSy = SN V(H). This implies that
ScU Sy =(SNV(GE)U(S NnV(H))
=S n(V(G) UV(H))
=SnV(G+H)
=S, that is,
S =58; U SywhereS; < V(G)andSy < V(H). This shows statement (iii).

For the converse, suppose that statement (i) is satisfied. Then S is a dominating set of Gand for every
VES, there exists anotherv’ € Ssuch thatvv’ € E(G).By Lemma 2.4, a nonemptyS € V(G + H) is an outer-
restrained dominating set of G + H.

Suppose that statement (ii) is satisfied. Then S is a dominating set of H and for every veS, there exists
anotherv’ € Ssuch that vv' € E(H). By Lemma 2.5, a nonemptyS € V(G + H) is an outer-restrained
dominating set of G + H.

Suppose that statement (iii) is satisfied. Then S =S; U Sy where S; < V(G)andSy < V(H). By
Lemma 2.6, a nonempty S < V(G + H)is an outer-restrained dominating set of G + H.m

The following result is an immediate consequence of Theorem 2.7.

Corollary 2.8Let G and H be nontrivial connected graphs. Then
V,(G+H) =2,

Proof:Let S = {x,y}wherex € V(G)andy € V(H). ThenS =S5; U Sy whereS; = {x}andSy; = {y}. By
Theorem 2.7, S is an outer-restrained dominating set of G + H. Thus, 7,.(G + H) < |S| = 2. By Remark 2.3,
7-(G +H) <|S| # 1thatis, (G + H) = 2. This implies that 2 <y, (G + H) < 2.Hence, 7,(G+H) =2. g

Definition 2.9Let G and H be graphs of order m and n, respectively. The corona of G and H, denotedbyG ° H, is
the graph obtained by taking one copy of G and m copiesof H, and then joining the ith vertex of G to every
vertex of the ith copy of H. The join of vertex v of G and a copy of H" of H in the corona of G and H is denoted
byv + H.

Let G be a connected graph and x € V(G). Since V(G)\{x} is not a dominating set of G o H for any
simple graph H, the following remark holds.
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Remark 2.10Let G be a connected graph and H be any graph. Then V(G) is a minimum dominating set
ofG o H.

The following results is the characterization of an outer-restrained dominating set in the corona of two graphs.

Theorem 2.11Let G and H be nontrivial connected graphs. Then a nonempty S € V(G o H) is an outer-
restrained dominating set of G o H if and only if one of the following is satisfied.

. S =V U (U, Ss) Where @ <5, € V(H?)forall v € V(G)
ii. S = UVGV(G)(SU)Where S, is a connected dominating set of H” with |S,| > 2 for all v € V(G).
Proof: Suppose that a nonempty S € V(G o H) is an outer-restrained dominating set of G o H.

If S =V(G o H), then

S= V() U U s,
veV(G)

whereS,, = V(H") forall v € V(G).Suppose that S # V(G o H), thatis, S c V(G o H).
Consider the following cases.

Case 1. If V(G) # @, then

S=V()u U s,
veV(G)
where @ € S5, c V(H") forall v € V(G).

Case 2.1fV (G) # @, then
s= |J e
veV(G)

where @ c S, c V(HY) forall v € V(G)(since S is nonempty).

Suppose S, is not a dominating set of H” for each v € V(G). Then S is not a dominating set contrary to
the assumption that S is a dominating set of G o H. Thus, S, must be a dominating set of H” for each

v € V(G). Suppose that S,is not connected for each v € V(G). Then S is not connected and V(G o H)\S is
not a restrained set, contrary to the definition of S. Thus, S,, is connected for each v € V' (G). Clearly, |S,| > 2,
otherwise, S is not connected.

Therefore, if S € V(G o H) and V(G) # @, then

S=V(G)U U s,
veV(G)

where @ € S, € V(HY) forall v € V(G), satisfying statement (i).

IfS cV(GoH)and V(G) # @, then
S= U S,
veV(6)

where S, is a connected dominating set of H” with |S, | > 2, for all v € V(G), satisfying statement (ii).
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For the converse, suppose that statement (i) is satisfied. Then

S=V(@G)u U s,
veV(G)
where @ € S, c V(H")forall v e V(G).
Consider the following cases.

Case 1. If S, =V (HY) forall v € V(G), then

S=V(G) U U v (H")
veV (G)
=V (G o H) is an outer-restrained dominating set (vacuously satisfy the desired property).
Case 2.If S, # V(H") for each v € V(G), then consider the following.

Subcase 1. If S, # @, then

S=V(G)U U 0= v©
veV(G)

Then S is a dominating set of G o H by Remark 2.10.

Further,
D =V(GoH)\S = U V(HY)
veV(G)
is a restrained set of G o Hbecause for every v € V(G « H)\D =S, there exists u € D such that vu €
E (G o H)and there exists another v € S such that vv € E(G o H).Hence, a nonempty S € V(G o H) is an
outer-restrained dominating set of G o H.

Subcase 2. If S, # @, then

S=V(G)u U S, |0 cs, cV(H)
veV(G)

forall v € V(G). Since V(G) c S, it follows that S is a dominating set of G o H.

Now,
D

L warnsy

veV(G)

is a restrained set for any S, < V( HY), for all v € V(G)because for some v € V(G - H)\D = S, there
exists u € D such that vu € E(G o H) and there exists another v € S suchthat vv € E(G o H). Hence, a
nonempty S € V(G o H) is an outer-restrained dominating set of G o H.

Suppose that statement (ii) is satisfied. Then

s = U s,
veV(G)

where S, is a connected dominating set of H” with |S,| > 2 for all v € V(G). Since S,, is a dominating set of H”
for each v € V(G), it follows that S is a dominating set of G o H.
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Now

p= | wamns)
veV(G)

is a restrained set of G o H for all v € V(G) because for every v € V(G o H)\ D = S, there existsu € D
such that vu € E(G o H) and there exists another v € S (note that |S, | > 2 for all v € V(G)such that vv €
E(G ° H). Hence, a nonempty S € V(G ° H) is an outer-restrained dominating set of G o H. g

The following result is an immediate consequence of Theorem 2.11.

Corollary 2.12Let G and H be nontrivial connected graphs. Then
V(G o H) = |[V(G)].

Proof:Suppose that S =V(G). In view of Theorem2.11 (i) if S, # @, then Sis an outer-restrained
dominating set of G o H. Thus, ¥, (G o H) < |S| = |V(G)].

In Remark 2.10, the (G e H) = |V(G)]. Thus,
V(@I =y(GoH) < 7(GoH) < |S|=[V(G)].

Therefore, 7,.(G « H) = |V(G)]. -

I1l. CONCLUSION AND RECOMMENDATIONS

In this paper, we introduced a new parameter of domination in graphs - the outer-restrained domination
in graphs. The outer-restrained domination in the join and corona of two graphs were characterized and the
exact value of outer-restrained domination number resulting from the join and corona of two graphs were
computed. This study will pave the way to new researches such as bounds and other binary operations of two
connected graphs. Other parameters involving outer-restrained domination in graphs may also be explored.
Finally, the characterization of an outer-restrained domination in graphs of the lexicographic and Cartesian
products of two graphs, and its bounds are promising extension of this study.
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